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Exercise 1. Consider the following three-person game:

v(0) =0, v({1}) = 0.2, v({2}) = v({3}) = 0,
v({1,2}) = 1.5, v({1,3}) = 1.6, v({2,3}) = 1.8, v({1,2,3}) = 2.
(a) Find the core of this game.
(b) Find the Shapley value of this game.
(¢) Find an imputation dominating the imputation (1,1/2,1/2).

Solution. (a) Suppose (z1,x2,x3) is in the core, then it should satisfy:

1 > 0.2 (1)

Zo,x3 >0 (2)

21+ a2 > 1.5 (3)
1+ x3>1.6 (4)
xro+x3>1.8 (5)
1+ xo + 3 =2 (6)

By (3), (4) and (5), we have x1 + x2 + x3 > 2.45, which contradicts to (6). Therefore,
the core is empty.

(b) Since n = 3, we have v(0) = ~v(2) = 1/3 and (1) = 1/6.
For Player 1,

S |0 {2} {3} {2,3}
v(SU{1}) —v(S) |02 15 1.6 02

Hence ¢1(v) = 0.23 + 1.5¢ + 1.65 + 0.23 = 0.65.
For Player 2,

S 0 {1y {3 {1,3}
v(SU{2})—v(S) |0 13 18 04
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Hence ¢2(v) = 03 + 1.35 + 1.8¢ + 0.43 = 0.65.
For Player 3, by efficiency, ¢3(v) = v(N) — ¢1(v) — ¢a(v) = 0.7.1
Therefore, the Shapley value is (0.65,0.65,0.7).

(c) It suffices to find an allocation y = (yi1,¥2,y3), such that y; > 0.2, y2,y3 > 0,
Y1 + y2 + y3 = 2, and y dominates x.
Let y = (0.2,0.9,0.9), and S = {2,3}. y strictly dominates = (1,0.5,0.5) via S.
[

Exercise 2. The managing board of a corporation consists of three stock-holders who
have respectively 20, 30 and 50 shares of stock and the chairman who has no shares. Any
decision can be settled by approval of board members holding a simple majority of the
shares and the chairman can decide tie votes. Thus, we define a characteristic function
as follows. It has value 1 if a coalition holds > 50 shares or holds > 50 shares and has
the chairman in the coalition. It has value 0 otherwise. Find the Shapley value.

Solution. We number the players as follows: stock-holder with 20 shares—Player 1, stock-
holder with 30 shares—Player 2, stock-holder with 50 shares—Player 3, chairman—Player
4.

The characteristic function is as follows:

v(0) =o({1}) = v({2}) = v({3}) = v({4}) = 0,

v({1,2}) = v({1,4}) = v({2,4}) =0,
v({1,3}) =v({2,3}) =v({3,4}) = 1,
v({1,2,3}) = v({1,2,4}) = v({1,3 4}) =v({2,3,4}) = v({1,2,3,4}) = 1.
Since n = 4, we have ¥(0) = v(3) = 1, and v(1) = 7(2) = &.
For Player 1,
S 10 {27 {3 {4 {23} {24} {34} {234
v(Su{l})—u(S)\o 0 1 0 0 1 0 0
Hence ¢1(v) = 155 + 14 = 1.
For Player 2,
S [0 {1} {3} {4 {13} {14} {3,4} {1,3,4}
o(SU{2)—v(S)J0 0 1 0 0 1 0 0
Hence ¢o(v) = 135 + 14 = %.
For Player 3,
S 10 {1 {2} {4 {12} {1,4} {24} {1,2,4}
v(SU{3})—v(S) [0 1 1 1 1 1 1 0
Hence ¢3(v) = 3.
For Player 4,
S 0 {1y {23 {383 {12} {1,3} {23} {1,2,3}
o(SU{4)—v(S)J0 0 0 1 1 0 0 0

Tt has better to computer the Shapley value for Player 3 by standard way, and to apply efficiency to
check whether your calculating is correct.
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Hence ¢4(v) = &.

Therefore, the Shapley value is (%, %, %, %) O

Exercise 3. Three doctors have banded together to form a joint practice: the Port Charles
Trio. The overhead for the practice is $40,000 per year. FEach doctor brings in annual
revenues and incurs annual variable costs as follows: doctor 1—3$155,000 in revenue,
$40,000 in variable cost; doctor 2—3$160,000 in revenue, $35,000 in variable cost; doctor
3—$140,000 in revenue, $38,000 in variable cost.

The Port Charles Trio wants to use game theory to determine how much each doctor
should be paid. Determine the relevant characteristic function and show that the core of
the game consists of an infinite number of points. Also determine the Shapley value of
the game. Does the Shapley value give a reasonable division of the practice’s profits?

Proof and Solution. (i) Characteristic function v:

v(@) =0
v({1}) = (155 — 40) — 40 = 75,v({2}) = 85,v({3}) = 62;
v({1,2}) = (155 — 40) + (160 — 35) — 40 = 200, v({1,3}) = 177, v({2, 3}) = 187;
v({L,2,3}) = 302

(ii) Core. To solve (z1,x2,x3), such that,
x1 > 79, x9 > 85, x3 > 62,
T+ a9 > 200, 1+ x3 > 177, 29 + 23 > 187,
z1 + x9 + 3 = 302.
Solving them, we have

C(N,v) = {(x1,22,23): x1 € [75,115], xo € [85,125], x5 € [62,102], x1+x2+x3 = 302}.

Since (75,125,102) and (76, 124, 102) are in the core, and for any A € [0, 1], A(75,125,102)+
(1 —MN)(76,124,102) is also in the core, that is, there are infinite many elements in
the core.

(iii) Shapley value. Since n = 3, we have v(0) = v(2) = 1/3, and (1) = 1/6.
For Player 1.

S |0 {2} {3} {2,3}
v(SU{1})—v(S) |75 115 115 115

Hence ¢1(v) = 754 + 1152 + 1151 + 1154 = 3.
For Player 2.

S 0 {13 {3} {1,3}
v(SU{2}) —v(S) |85 125 125 125

Hence ¢o(v) = 332

For Player 3, by efficiency, ¢3(v) = v(N) — ¢1(v) — ¢pa(v) = @-

@@@)

Therefore, the Shapley value is ( 30, T3%, 73
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Exercise 4. The management committee of an association consists of a president, a
secretary, a treasurer and two committee members. It requires three votes including one
from the president, one from the secretary or treasurer to approve a proposal. Determine
the voting power of each member in the committee.

Solution. We number the players as follows: president—Player 1, secretary—Player 2,
Treasurer—Player 3, member 1—Player 4, member 2—Player 5.

Let the total voting power be 1. We use the Shapley value to compute each player’s
voting power.

The characteristic function is

el . _
o(8) = {17 iS5 23, {12} ¢ Sor {L.3} C 5,

0, otherwise.

It is easy to see that player 2 and player 3 have the same voting power, and player 4
and player 5 have the same voting power. Hence, their Shapley value must be the same.
1 1

Since n = 5, we have y(0) = y(4) = %, (1) =7(3) = 55 and ¥(2) = 55.

For player 1, v(SU{1}) —v(S) =1 if and only if S is one of the followings:

{2,3},{2,4},{2,5},{3,4},{3,5},{2,3,4},{2,3,5},{2,4,5},{3,4,5}, {2,3,4,5}.
Hence the Shapley value of player 1 is ¢ (v) = 5% + 4% + 1% = %.
For player 2, v(S U {2}) —v(S) =1 if and only if S is one of the followings:

{1,3},{1,4},{1,5},{1,4,5}.

Hence the Shapley value of player 2 is ¢o(v) = 3% + % = 2—30, which is ¢3(v).

For player 4, v(S U {4}) —v(S) =1 if and only if S is one of the followings:
{1,2},{1,3}.
1

Hence the Shapley value of player 4 is ¢4(v) = 2% = which is ¢5(v).
T

157
Therefore, the voting power is (%, 2%, %, %, £ )- O

Exercise 5. Consider an n-person game in which the only winning coalitions are those
coalitions containing player 1 and at least one other player. If a winning coalition receives
a reward of $1, find the core and the Shapley value of the game.

Solution. When n = 2, the solution is quite easy. (Exercise)
In the following, we assume n > 3. The characteristic function is

1, if |[S| > 2, Player 1 belongs to S,
v(S) = :
0, otherwise.

(i) Core. Suppose (1,2, ...,Zy) is in the core. Then we have

n
Z.Z‘Z' = 1, T > 0,
=1

1+ Z:rz >1, forall S € {2,3,...,n} and S is nonempty.

€S
It is easy to see that the only solution is 1 = 1, 9 = --- = x, = 0: take S =
{3,4,...,n}, we have x1 + x5+ --+z, > 1, and hence zo = 0. Similarly 23 = 24 =

«++ =, = 0. Therefore the core is {(1,0,0,...,0)}.
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(ii) Shapley value.

For Player i # 1, v(SU{i}) —v(S) = 1 if and only if S = {1}. Otherwise it is zero.
Since v(1) = —=, Player i’s Shapley value is

n—17

1

H =y

For Player 1, we have

Therefore, the Shapley value is
n—1 1 1
n ‘nn—1)""nn-1))"

Exercise 6. Find the Shapley values of the game with N = {1,2} and the charac-
teristic function v. Now consider the bargaining game where H = I(N,v) and d =
(v({1}),v({2})). Find the bargaining solution of the game (H,d).

O]

Solution. Since n = 2, we have v(0) = (1) = 3. Denote v = v(N), v1 = v({1}) and
va = v({2}).

(i) Shapley value. For Player i,

S 0 {5}
o(SU{i}) —v(S) | vi v—u;

Hence the Shapley value for Player ¢ is

Vi +V—v;
—5 -

(ii) To get the Nash bargaining solution, we solve the following problem

max (x1 —v1)(xe — v2).
T1+T2=0,T1 201,22 202
The solution is z] = W% Note that we need to check whether x7 > v;.

Hence, both Nash bargaining solution and the Shapley value given the same result. [

Exercise 7. Consider the following cost allocation problem. Building an airfield will
benefit n players. Player j requires an airfield that costs c; to build, so to accommodate
all the players, the field will be built at a cost of maxi<j<y ¢;. How should this cost be split
among the players? Suppose all the costs are distinct and let 0 < ¢1 < ¢cg < - -+ < ¢p. Take
the characteristic function of the game to be v(S) = —maxjcgc; for S C {1,2,...,n}.

(i) Let Ry ={k,k+1,...,n} fork=1,2,...,n, and define the characteristic function
v through the equation

) —(ex —ch—1), f SN Ry #0
v () {o, if SN Ry =0

For convenience, let co = 0. Show that v = zzzl Vg, -
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(ii) Find the Shapley value of the game v in the form of ¢i(v) = Yb_| cir(ck — cr_1),
1=1,2,...,n, where the coefficients oy are independent of c1,ca, ..., cCp.

Solution. (i) For every coalition S, we have

n max(S) n
> () = () + Y uk(S)
k=1 k=1 k=max(S)+1
max(S) max(S)
= ve(S) = — (ck — Cr—1)
k=1 k=1

(ii) Since
—(cg — cg—1), if max(S) >k
wl($) = {0, if max(S) <k
we have
, ) —(ex —cp—1), if max(S) <k <
uR(SU{E}) = o(S) = {0, otherwise
and hence ¢1(vg) = -+ = ¢p_1(vg) = 0, and
Or(vk) = - = dn(vr)
1 n—1 1 '
== o > k(S U{i}) — w(9)]
n s=0 ( s ) |S|=s
n—1
IS I Y oo asi Y msu i vk<s>1}
ni (") |S|=s,max(S)<k |S|=s,max(5)>k
1 1 (k-1
RN G) < . >[(Ck — k1))

k=1 k=1
1 i k=1 (k—1
= E”ilg (ck — ck-1)
k=1 s=0 s

End of Solution to Tutorial 11
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