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1 Review

e The pure-strategy Nash equilibrium may not exist (e.g. matching pennies);
However, the mixed-strategy Nash equilibrium always exists. Nash’s Theo-
rem: In the n-player normal-form game G = {Si,...,Su;u1,...,u,}, if S;
is finite for every i, then there exists at least one Nash equilibrium, possibly
involving mixed strategies.

e In the n-player normal-form game G = {S1,...,S,; u1,...,u,}, suppose S; =
{si1,..., Sk, }. Then each strategy s; € S; is called a Player i’s pure
strategy. A Player i’'s mixed strategy is a probability distribution p; =
(Pits - - -, Pik, ), Where pjy + -+ +pix; = 1 and 0 < py, < 1.

e In the 2-player normal-form game G = {Sy, So; uy, us }, suppose S; = {s11, ..., 817},
and Sy = {s21, ..., 2k }. If Player 1 believes that Player 2 will play the strate-
gies (Sa1,. .., S2x) with the probabilities ps = (pa1, ..., pax), then Player 1’s
expected payoff from playing the mixed strategy p; = (p11,...,p1s) is

P1jP2kUL (S1j7 3214:)‘

M)~
W

Ui(p1,p2) = Zplle(51j7p2) =

Jj=1 1

B
Il

1

<.
I

Here we assume that Players 1 and 2 are independent.

Similarly, if Player 2 believes that Player 1 will play the strategies (si1,. .., S17)
with the probabilities p; = (p11,...,p1s), then Player 2’s expected payoff
from playing the mixed strategy ps = (pa1, - .., parx) is
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*Corrections are always welcome.
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e In the 2-player normal-form game G = {Si, So; uy,us}, let p; = (r,1 —r) and

2.1

p2 = (¢, 1 — q) be the Players 1 and 2’smixed strategies. Given ps,

r*(q) = argmax Uy (py, p2) C [0, 1]
0<r<1

is called Player 1’s best response. The function r*(-) is called the best-
response correspondence.

In the 2-player normal-form game G = {5, Sa;uy, us}, the mixed strategy
profile (pf, p5) is a mixed-strategy Nash equilibrium if each player’s mixed
strategy is the best response to the other player’s mixed strategies:

Ul(pT7p§) Z Ul(plap;)a U2(p>{7p;> Z U2(p>{7p2)

for all probability distributions p; and p,, on S; and Sy, respectively.

How to find the Nash equilibrium(a)?

Pure-strategy Nash equilibrium(a)

There are 2/3 players, and for each player, the strategy set is finite. Then we
will represent the game as a bi-matrix or tri-matrix, apply IESDS, underline
the best responses for each player, and find the cell in which both/all numbers
are underlined. For example, the prisoners’ dilemma.

There are 2 players, for Player 1, the strategy set is finite, and for Player
2, the strategy set is infinite. Then we will fix Player 1’s strategy si;, find
Player 2’s best response Rj(s1;), and then check whether the fixed strategy
s1; is a best response for some strategy in Rj}(sq;). For example, Exercise 3
in Tutorial 2.

There are 2 players, for each player, the strategy set is infinite. Then we will
find the best response correspondence for each player.

— If there is a player whose best response correspondence is a function
by cases, then we will draw the graphs of both best response corre-
spondences, and find the intersection points which give us the NE. For
example, Exercise 2 in Tutorial 2.

— Otherwise, we assume (s7,s3) is a NE, substitute into the Equations
derived from the definition of NE and the best response correspondences,
and resolve them which will give us the NE. In this subcase, there could
be more than 2 players. For example, Exercise 1 in Tutorial 2.

1argmaX0§T§1 Ui(p1,p2) = {r: 0 <r < 1,r is a maximizer of U (p1,p2)}
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2.2 Mixed-strategy Nash equilibrium(a)

There are 2 players, and for each player, the strategy set is finite. Then we will
represent the game as a bi-matrix or tri-matrix, apply IESDS to find reduced game,
and find the best response correspondence for each player.

e If there is a player whose best response correspondence is a function by
cases, then we will draw the graphs of both best response correspondences,
and find the intersection points which give us the NE. For example, Exercises
5, 6, and 7 in Tutorial 2.

e Otherwise, we assume ((r*,1 —r*), (¢*,1 — ¢*)) is a NE, substitute into the
Equations derived from the definition of NE and the best response correspon-
dences, and resolve them which will give us the NE.

3 Tutorial

Exercise 1. Suppose there are n firms in the Cournot oligopoly model. Let q; denote
the quantity produced by firm i, and let Q = q1 + --- + q, denote the aggregate
quantity on the market. Let P denote the market-clearing price and assume that
inverse demand is given by P(Q) = a — Q (assuming Q < a, else P =0). Assume
that the total cost of firm i from producing quantity q; is C;(¢;) = cq;. That is, there
are no fixed costs and the marginal cost is constant at ¢, where we assume ¢ < a.
Following Cournot, suppose that the firms choose their quantities simultaneously.
What is the Nash equilibrium? What happens as n approaches infinity?

Solution. We assume ¢ > 0.
e Set of players: {1,2,...,n};
e For each i, Player i’s strategy set: S; = [0, +00);
e For each i, Player i’s payoff function:
7i(qi, ¢—i) = qi(max{a — ¢; — q¢;,0} —¢)

Ja—qg—qi—c)q, ifg+q<a
—Cqi, lf q; + q—; Z a,

where ¢_; = >, ¢;.
In the following, given q_;, we try to find Player i’s best response:

(i) When a < ¢q_;, then we have ¢; + ¢_; > a, and hence

<0, if g > 0;

Ti\Gi, 4—i) = —C4; .
(¢i>q-:) q{:07 g, — 0.

Therefore, in this case, the best response for Player i is ¢; = 0.
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(i) When a — ¢ < g_; < a, then we have

0, if ¢; = 0;
(¢, q—i) = (a—q—qi—)g; <0, f0<q <a—q;
—cq—; <0, if g > a—q.

Therefore, in this case, the best response for Player i is ¢; = 0.

(iii) When 0 < ¢_; < a — ¢, then we have

0, if ¢; = 0;
Ti(qi,q—i) =y (@ — ¢ —q— —¢)g; > 0, if0<q <a—q;
—cq_; <0, ifa—q_; <gq.

The function (a — ¢; — q_; — ¢)g; is concave for ¢;, because its 2nd derivative is
—2 < 0. The local maximum can be determined by the first order condition

(the 1st derivative equals zero) a — q_; — ¢ — 2¢; = 0, thus the best response
for Player i is “=54=*

Therefore Player i’s best response is
. 0f, if a —c<q;
Ri(q-i) = {aic_q_i .
{=5*+}, if0<qg<a—c

Remark: We can not draw graphs to find Nash equilibrium(a), since there are
more than 2 players.

Claim: There does not exist a NE in which some players choose 0. We will prove
this claim by contradiction:

1. Assume there is a NE (¢}, 45,...,¢), where
J={i: ¢ =0} #0.

Let J¢={1,2,...,n} — J, then for any j € J°, ¢j =

afchij
2

2. Since for any ¢ € J, ¢ = 0, we will have ¢*, > a— ¢, which implies ZjeJc q =
a—c.

3. Since for any ¢ € J, ¢/ = 0, we will have
keJe k)

for each j € J¢, and hence

*
a—c— Zkejc,k¢j ay,
2 )

q = Vj e Je
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Summing this |J¢| equations, we will have

S =1 - 50 -0 Y g

jeJe jeJe

which implies

JC
Zq]— | ——(a—c)<a—c

= JJe[+1
Contradiction.
Assume that (¢, ¢3,...,q") is a pure-strategy Nash equilibrium, then based on
the claim above, we will have ¢f = ==, for all i = 1,2,...,n. Hence

¢ =a—c—Q", Vi=1,2,....n

where Q* = Y7 | ¢ Summing the n equations above, we obtain
(a—c).

n

@ :n—i—l

Substituting this into each of the above n equations, we obtain

* ok o ox a—=c

4 =43 = —qn—n+1-
As n approaches infinity, the total output Q* = — Pt (a — ¢) approaches a — ¢
(perfect-competition output) and the price a —Q* = ‘j;"f approaches ¢ (the perfect-
competition price). O

Exercise 2. Consider the Cournot duopoly model where inverse demand is P(Q) =
a — @ but firms have asymmetric marginal costs: ¢y for firm 1 and co for firm 2.
What is the Nash equilibrium if 0 < ¢; < a/2 for each firm? What if ¢; < ¢3 < a
but 2co > a+c¢; ?

Solution. e Set of players: {1,2};
e For each i, Player i’s strategy set: S; = [0, +00);
e For each i, Player i’s payoff function:
Wi(Qi, Qj) = Qi(max{a — 4 — gy, 0} - Cz‘);

where 7 # j.
By similar method of Exercise 1, we will obtain Player i’s best response:

Ri(QJ) = { 2 ’

{0}, if ¢; > a—¢.

1. If 0 <1, < §, then 5% < § < a—c¢j, where ¢ # j. Hence we have the Fig-

ure (la), and from it we will obtain the Nash equilibrium: (4=2¢+¢2 o=2eta)
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q2 g2
a a
a—C y a—cC
Ri(g2) Ri(q2)
= a—2c1—co a—2c2—c
2 NE:(%’ %) NE:(%aO)
R3(q _
() ENS r/ R;(q1)
O ca A= d T Ol a—c, =a a ¢

Figure 1: Intersection of best-response correspondences

2.f0< ¢ <cg<aand 2¢c; > a+cy, thena—c >a—cy > %52 >0 and
5% > a—cy > 0. Hence we have the Figure (1b), and from it we will obtain

the Nash equilibrium: (“5%,0).

]

Exercise 3. Consider a market of duopoly. The two firms produce the same product.
Let q; be the quantity of the product produced by firm i, i = 1,2. Let the market
price be

P(q1, g2) = 25 —q1 — @2, if 1 + g2 < 25;
o, if g1+ ¢o > 25.

Let the cost of producing a unit of the product be ¢y = 6 for firm 1 and co = 5
for firm 2. Due to the restriction of technology, firm 1 can produce either q = 5
or qu = 10. Firm 2 can produce any quantity qo > 0. Firm i’s payoff is its profit

ai(P(q1,q2) — ci).
Find the Nash equilibrium of the game.

Solution. e Set of players: {1,2};
e Player 1 and Player 2’s strategy sets are {0,5,10} and [0, +00), respectively;
e Player i’s payoff function is
mi(qi, ¢5) = qi(max{25 — ¢; — ¢;, 0} — ¢;),

where @ # j.
It is easier to analyze Player 2’s best-response first, since Player 1 has only 3
pure strategies.

1. When ¢; = 0, Player 2’s payoff function is

m2(q2) = @2(max{25 — 0 — 2,0} — 5).
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When ¢ > 20, m(q2) < 0; when ¢ < 20, my(q2) > 0. Hence the local
maximum should solve the optimization problem

max ¢2(25 — qo — 5).

0<g2<20

Therefore R5(0) = {10}.
Now if suffices to check whether 0 is a Player 1’s best response to 10: Given

g2 = 10, Player 1’s payoft function is

0(25—0—10—6) =0, if ¢ = 0;
m(q) = { 5(25 —5— 10 — 6) = 20, if g = 5;
10(25 — 10 — 10 — 6) = —10, if ¢ = 10.

Therefore Player 1’s best response is Rj(10) = {5}, and hence there is no
Nash equilibrium in which Player 1’s strategy is 0.

2. When ¢; = 5, Player 2’s payoff function is
mo(q2) = q2(max{25 — 5 — ¢2,0} — 5).

When ¢ > 15, ma(q2) < 0; when ¢ < 15, my(q2) > 0. Hence the local
maximum should solve the optimization problem

Oggé5qQ(20 —q2 — 5).

Therefore R3(5) = {2}

Now if suffices to check whether 5 is a Player 1’s best response to %: Given
Q2 = %, Player 1’s payoff function is

025-0—-2—-6)=0 if ¢ = 0;
m(q) = 5(25—5—%—6) =32.5, if ¢ =5;
10(25 —10 — £ —6) =15, if ¢; = 10.

Therefore the best response for Player 1 is Rj(2) = {5}, and hence (5,12) is
a Nash equilibrium.

3. When ¢; = 10, Player 2’s payoff function is
To(q2) = ¢2(max{25 — 10 — ¢2,0} — 5).

When ¢ > 10, m(q2) < 0; when ¢ < 10, my(q2) > 0. Hence the local
maximum should solve the optimization problem

Og;%o%(w — ¢ — 5).

Therefore R3(10) = {5}.
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Now if suffices to check whether 10 is a Player 1’s best response to 5: Given
g2 = 5, then Player 1’ payoff function is

025-0-5-6)=0,  ifq =0
m(q1) = ¢ 5(25—5—5—6) = 45, if g = 5;
10(25 — 10 — 5 — 6) = 40, if ¢1 = 10.

Therefore the best response for Player 1 is Rj(5) = {5}, and hence there is
no Nash equilibrium when Player 1’s strategy is 10.

Therefore there is only one Nash equilibrium: (5, ). O

Exercise 4. Prove the following statement for a two-player game. If a strategy
sk € Sp(k = 1,2) is played with nonzero probability in a mized-strateqy Nash
equilibrium, then sy; cannot be eliminated in the iterated elimination of strictly
dominated strategies. (Similar to Proposition 1.1.)

Proof. Let Sy, = {sk1,Sk2, -+, Skn, }» £ = 1,2. Assume that (p},p}) is a mixed-
strategy Nash equilibrium, where pf = (pf;, Pigs - - - pznk) is Player k’s mixed strat-
egy and py; is the probability that Player k plays sg;.

Assume that sy; is the first of the strategies played with positive probability to
be eliminated for being strictly dominated. Then there should exist a strategy sy
that has not yet been eliminated from S}, that strictly dominates s;;. By definition,
we have

Uk(Skj, S_t) < Ug(Ski, Skt),

for each sg; have not yet been eliminated from the other Player’s strategy set.
Since si; is the first of the strategies played with positive probability to be
eliminated for being strictly dominated, we have

Uk(Skppik) < wk(sk1, ply)-

Now we will construct another mixed strategy p;* for Player k:

Pr; =0
Pyl = Dyt Dk
Pri = Phis i # 7,1

Since uy(sk;, p* 1) < uk(Sw, P* ), we have

which contracts that (p},p*,) is a mixed-strategy Nash equilibrium.
Hence, s;; will not be eliminated in the iterated elimination of strictly dominated
strategies. O

Exercise 5. Find the mized-strateqy Nash equilibrium of the following normal-form
games.
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L C R
LR T [20 [1,1 [4,2

T [21 ]0,2 2 2 :
5 Mo T30 M [3,4 [1,2 2,3
2 2 B 1,310,230

Solution. 1. In the left game, it is trivial that there is no pure-strategy Nash
equilibrium. Let p; = (1,1 — r) be a mixed-strategy in which Player 1 plays
T with probability . Let ps = (¢, 1 — q) be a mixed-strategy in which Player
2 plays L with probability q. Then Player 1’s expected payoft is:

UI(T7 p?) = QQ7
Ui(B,p2) = q+3(1 —q) =3 - 2q.

Hence
{1}, ifg>73;
r*(q) = argmax Uy (p1, p2) = { {0}, ifg<3;
0<r<1
T 0,1], ifg=23.

Similarly, Player 2’s expected payoff is:
Us(pr, L) =r+2(1—r)=2—r,

Uz(pl,R> = 2r.
Hence
{1}, ifr<%
¢ (r) = argmax Us(p1,p2) = < {0}, ifr > %;
0<¢<1 : 2
[0,1], ifr=:.

~—

We draw the graphs of 7*(¢) and ¢*(r) together in Figure (2):
qa

NE=(3T + iB,3L + {R)

(0,1) —|’-/- -]
q*(r)

r*(q)

?

0 (2,0) (1,0)

Figure 2: Intersection of best-response correspondences

The graphs of the best response correspondences r*(q) and ¢*(r) intersect at
only one point (r = %, q= %) Hence, there is only one mixed-strategy Nash

equilibrium (%T + %B, %L + iR) (or ((%, %), (%, %)))
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2. We have no idea how to find the mixed-strategy Nash equilibrium for the
game in which some player has more than 2 strategies. However, after iterated
elimination of strictly dominated strategies, we will obtain the reduced game

(3):

L R
T [2,0 [4,2
M [3,4] 23

Figure 3: Reduced game

It is trivial that there are two pure-strategy Nash equilibria: (M, L) and
(T, R).

Let p1 = (r,1 — r) be a mixed strategy in which Player 1 plays 7" with
probability r. Let p; = (¢,1 — ¢) be a mixed strategy in which Player 2 plays
L with probability ¢g. Then Player 1’s expected payoff is:

LG(TEPQ)::2qﬁ_4(1__Q)::4__2Q7
Ui(B,p2) =3¢+2(1—q)=2+q.

Hence
{1}, ifg<?
r*(q) = argmax Uy (p1, p2) = { {0}, if¢g>3;
0<r<1 . 2
0,1], ifg=3%.

Similarly, Player 2’s expected payoff is:

Us(p1, L) =4(1 —r) =4 — 4r,
Us(pr,R) =2r +3(1—r) =3 —r.

Hence
{1}, ifr<g;
q*(r) = argmax Us(py, po) = § {0}, ifr>3;
0<q<1 . 1
[0,1], ifr=3.

~—

We draw the graphs of 7*(¢) and ¢*(r) together in Figure (4):
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qaA
pure NE (M, L)

0,1)¢——------ al
(0,3)

mixed NE (37 + 2M, 2L + i R) 7 (r)

pure NE (T, R)

=Y

Ol (4,0 (1,0)

Figure 4: Intersection of best-response correspondences

The graphs of the best response correspondences r*(q) and ¢*(r) intersect at
3 points (r = 5,¢ = %), (r=1,¢ =0) and (r = 0,q = 1). Hence, there are 3
mixed-strategy Nash equilibria

e (1T,1R) (or ((1,0,0),(0,0,1))),

e (1M,1L) (or ((0,1,0),(1,0,0))),

o (37 +35M, 5L+ 3R) (or ((3,3,0),(5.0,3)))

37773

Exercise 6. Consider the following two-person game.

Player 2

X v
A[9,970.8

Player 1 9 |0,
WL B 80 | 7.7

(i) Suppose that Player 1 thinks that Player 2 will play her strategy X with prob-

ability y and her strateqy Y with probability 1 — y. For what value of y will
Player 1 be indifferent between his two strategies?

(i1) If y is less than this value what strategy will Player 1 prefer? If y is greater
than that value?

(i1i) Graph the best responses of Player 1 to Player 2’s mized strategy.
(iv) Repeat this analysis with the roles of the players reversed.

Solution. (i) Player 1’s expected payoff is:

UI(A)pQ) = 9y7
Ui(B,p2) =8y +7(1—y) =T7+y.

Hence when 9y = 7 4 y, that is, y = %, Player 1 will be indifferent between
his two strategies.
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(i) Ify > %, then Player 1 prefers A, otherwise Player 1 prefers B.

(iii) Let p; = (2,1 — x) be a mixed strategy in which Player 1 plays A with
probability z. Then

{1}, ify>L;

r*(y) = argmax Uy (p1, p2) = ¢ {0}, ify <3
<y<1l

s 0,1], ify=1I.

Then the blue line in the Figure (5) is the graph of the best responses of Player
1 to Player 2’s mixed strategy p» = (y,1 — ).

YA
pure NE (4, X)
(0 1) oo r’d
0, 5)
MEXD Il
|
mixed NE (JA+ B, IX +LY)
|
|
|
|
|
pure NE (B,Y ) |
( )\ y(o)]
¢ o) (10 g

Figure 5: Intersection of best-response correspondences

(iv) By symmetry, we obtain that

{1}, ifz>1;

y*(r) = argmax Us(p1, po) = ¢ {0}, ifz <L
0<z<1 : 7

0,1], ifz=g.

Hence, the red line in the Figure (5) is the graph of the best responses of
Player 2 to Player 1’s mixed strategy p; = (z,1 — x).
m

Exercise 7. Consider the following game:
(i) Eliminate strictly dominated strategies.

(i1) Find all pure-strategy Nash equilibria and write down the corresponding pay-
offs.

(111) Find all mized-strateqy Nash equilibria and write down the corresponding ex-
pected payoffs.
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Player 2
L M R
A 43 |25 |20
B 6,2 [0,3 |1,4
Pl 1 ) ) )
YL e 31 (1,0 [1,2
D |30 | 1,1 | 3,3

Solution. (i) (1) C is strictly dominated by A and will be eliminated;
(2) L is strictly dominated by M and will be eliminated;
(3) B is strictly dominated by D and will be eliminated.

Hence we will obtain the reduced game Gj.

Player 2 Player 2
M R M R
A 125 20 A 125 120
Pl 1 : 2 Pl 1 : :
YL p 11 3.3 YD 11 3.3
Gl G2

(ii) From the bi-matrix Go, we obtain the pure-strategy Nash equilibria: (A, M)
and (D, R) (red pairs) with payoffs (2,5) and (3, 3), respectively.

(iii) Let p; = (r,1 — r) be a mixed strategy in which Player 1 plays A with prob-
ability r. Let ps = (¢,1 — ¢) be a mixed strategy in which Player 2 plays M
with probability g. Then Player 1’s expected payoff is:

Lﬁ(/ixp2>:: QQ'+'2(1 __q):: 27
Ur(D,p2) = q+3(1 —q) =3 —2¢.

Hence
{1}, ifg>g;
7*(q) = argmax Uy (p1,p2) = § {0}, if ¢ < 3;
0<r<1 . 1
[0,1], ifg=3.

Similarly, Player 2’s expected payoff is:

Us(p1, M) =5r+ (1 —r) =1+ 4r,
Ug(pl, R) = 3(1 — T’).

Hence
{1}, ifr>2%
q*(r) = argmax Us(p1, p2) = § {0}, ifr < 2
0<g<1 , 7
0,1], ifr=z.

We draw the graphs of 7*(¢) and ¢*(r) together:

The graphs of the best response correspondences 7*(q) and ¢*(r) intersect at
3 points (r = %,q = 1), (0,0) and (1,1). Hence, there are 3 mixed-strategy
Nash equilibria:
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qa
pure NE (A4, M)
(07 1) _____ /
q"(r) /mixed NE (24 { 2D, IM + iR)
(0,3) - |
r*(q) |
|
|
pure NE (D, R) |
\ !
oF (30 (1,0) !

Figure 6: Intersection of best-response correspondences

(1A, 1M) (or ((1,0,0,0),(0,1,0))) with expected payoft (2,5),
e (1D,1R) (or ((0,0,0,1),(0,0,1))) with expected payoff (3, 3),
E A+ ?D,%M + %R) (or ((%,0,0,%),(O,%,%))), with expected payoff

]
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