ADVANCED MICROECONOMICS III: LECTURE NOTES 5

1 In a principal-agent problem (or an agency model), one party, called an agent (X # A), acts on behalf of another
party, called the principal (ZFEA).

o In adverse selection models (or hidden information), the agent has private information about his type before
the contract is written.

« In moral hazard models (or hidden actions), the agent becomes privately informed after the contract is written.
2 Screening: Uninformed parties take step to distinguish/screen the types of informed parties.

« In competitive screening, there are several competing firms.

« In monopolistic screening, there is a single firm screening workers.

1 Adverse selection

3 An owner (principal) wishes to hire a manager (agent) to run a one-time project.

If the agent’s effort level is e € [0, 00), then principal’s income is 7(e), with 7(0) = 0, 7’(e) > 0, and 7"’(e) < 0

for all e.

If the principal pays wage w to the agent, his utility/profit is 7(e) — w.
4 The agent is an expected utility maximizer with utility v(w — g(e, 9)).

o 0 € {0L,0p} represents agent’s ability. Here, 0 > 61, and Prob(fy) = A € (0, 1).

+ g(e, §) measures the cost/disutility of effort.
>0, ife>0 <0, ife>0

« 9(0,0) =0, ge(e, 0) s gee > 0,99 <0, gen(e,0) :
=0, ife=0 =0, ife=0

= The agent’s indifference curves have single-crossing property.
o The agent is risk averse: v/ > 0 and v" < 0.!
« The agent has a reservation utility .
5 The economic variables are effort level e and the wage w. These variables are both observable and verifiable by a

third party such as a benevolent court of law.

A contract is a pair (e, w). Let A be the set of all feasible contracts, thatis, A = {(e,w) | e € R}y, w € R}.

6 The sequence of play is as follows:

1Question: How about when the manager is risk neutral?



f f f f > time
Agent discovers Principal offers Agent accepts or The contract
his type 0 a contract rejects the contract is executed

2 Complete information

7 First suppose that there is no asymmetry of information between the principal and the agent, i.e., § is observable.

8 The principal will try to maximize her utility subject to inducing the agent to accept the proposed contract. Clearly,

the agent obtains @ if he does not take the principal’s contract. So the principal will solve the following problem:
maximize w(e;) — w;
(ei,wi)€A

subject to  v(w; — g(e;,6;)) > @

9 In any solution, the IR constraint must bind; otherwise, the principal could lower the wage offered and still have

the agent accept the contract. Thus, the maximization problem becomes:

—1/—
i) — —g(e;, 0;).
(o, mled) —vT(a) — glei, 0:)

Clearly, 7" — gee < 0. Then the solution (e}, w}) must satisfy the first-order condition:

=ge(el,0;), ifel >0.
Since 7'(0) > 0 and ¢.(0, 8;) = 0, we have that e > 0. Thus,
7'(€]) = ge(€f, 0:)-

Interpretation: The optimal level of effort e (for 6; agent) equals the principal’s marginal value and the agent’s

marginal cost.

10 Graphic illustration
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« Agent’s reservation utility is &, which is equivalent to the contract (0,0~ (%)).

« Principal seeks to find the most profitable point on the indifference curve with utility @, i.e., through the point

(0,v=(a)).
« For a 0; agent, principal pays the wage w} such that w} — g(e},0;) = v=1(a).

« For a 0; agent, principal’s profit is IT} = w(e}) —v~=1(u) — g(e}, 0;).

This profit is exactly equal to the distance from the origin to the intersection point between the indifference

curve through (e}, w}) and the vertical axis: letting e = 0 in the indifference curve 7(e) — w = II, we have

—_ *
—w = II5.

o If % is small (especially, @ = 0), then this profit could be strictly positive. If @ is very large, this profit could be

negative; in this case, the principal will not provide such a contract—the shutdown occurs.

Interpretation: If agent’s reservation utility is low, principal can attract him to accept some contract; otherwise,

agent will not accept any contract that is acceptable for principal.
11 Since Oy > O, " <0, gep < 0, gee > 0, 7' (eF) = ge(e},0;) fori € {H, L}, we have e}, > e :
o Itisimpossible that e}, = €] .
» Ife}; < e}, then we have
' (er) > 7'(e}) and ge(€fr, 0u) < ge(er, Ou) < ge(er,O1)-
Contradiction.

Interpretation: the optimal effort level of a high-ability agent is greater than that of a low-ability agent.

v(w — g(e, 0[,)) =u v(w — gle, 0”)) =u

w A

~Y

* , *
I} {/ er €y

I}

12 In the figure, the wage wj; is greater than w7}, but we note that w7, can be greater or smaller than wj depending

on the curvature of the functions 7, g, and v, as it can be easily seen graphically.

13 Every agent (no matter fz or f1,) obtains exactly @ from principal, just balancing his reservation utility.



14 The principal’s profit:

e; maximizes w(e) — v~ (@) — g(e, Om)

Iy = m(ey) — g(e, 0n) — v (@) = m(er) — gler, 0m) — v (@) = 7(e},) — glef, ) — v~ (@) =11},

0L <0

15 For contract to be always carried out, it is thus enough that profit is positive for a §;, agent, i.e., the following
condition must be satisfied
I} = 7(€}) — gle,00) — v (@) > 0,

ie,u <wv(m(e})— g(e},0)). We will maintain this hypothesis hereafter.

16 First-best contract menu { (e}, w}) }i=p -
To implement the first-best effort levels e}, and e}, the principal can make the following take-it-or-leave-it offers
to the agent: If & = 0y (resp. 61), the principal offers the wage wj; (resp. wj ) for the effort level e, (resp. e} )
with w} — g(er, 0;) = v=1(a).
Whatever his type, agent accepts the offer and makes utility z. The complete-information optimal contracts are

thus (e};, wy;) if 0 = 0y and (e, w} ) if 6 = 0.

3 Incomplete information

17 Suppose that 6 is the agent’s private information.

18 Consider the case where the principal offers the menu of first-best contracts { (e}, wj;), (€}, w3 )} hoping that an

agent with type 01, will select (e} , w} ) and an agent with type 0 will select instead (e, wi;).

ow—gle,0.) =i  vw—gle0y)) =i
w A

n(e) —w=1II}

n(e) — w = II};

<Y

IT};

We see that (e}, w} ) is preferred to (e};, w};) by both types of agents:

o The 6y -agent’s isoutility curve that passes through (e}, w3 ) corresponds to a utility level higher than @ at
(€hr, wp)-
o The 01-agent’s isoutility curve that passes through (e};, wj;) corresponds to a utility level lower than @ at

(er,wp).
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Offering the menu of contracts {(e};, wi;), (e}, w} )} fails to have the agents self-selecting properly within this
menu. The high-ability agent mimics the low-ability one and selects also contract (e}, w3 ). The complete infor-

mation optimal contracts can no longer be implemented under asymmetric information.

Definition: A menu of contracts {(er, wr,), (e, wr)} is incentive compatible when (e, wy,) is weakly preferred

to (e, wpr) by the type-0, agent and (epr, wyr) is weakly preferred to (ey,, wy,) by the type-6 5 agent.

Mathematically,
wr, —g(er,0r) > wn — glen,0r), (ICp)
wy —g(en,0n) = wr, — glew, On). (ICw)
If a menu of contracts {(ey,,wy,), (eg,wr)} is incentive compatible, then ey > ey, which is called the mono-

tonicity constraint. Indeed,

By Equation (ICy,)

eq €H
/ ge(e,0r)de = g(en,0r) — gler,0) > wy —wr > g(en,0u) — gler,0n) = / ge(e,0pr) de,
o By Equation (IC) o

and hence ey > ey,.

If ez # er,, only one of (ICy) and (IC;7) can bind.

Definition: A menu of contracts {(er,wr,), (ex, wg)} is individually rational if

wr, — g(er,0r) > v (a), (IRy)

wy — g(ew, ) > v (a). (IRg)

Information rent: Under complete information, the principal is able to maintain all types of agents at their reser-

vation utility. Their respective utility levels at the first-best contracts satisfy

wir — g(efy, 0n) = v (@) and wp, — g(ef,, ) = v™'(a@).

Generally this will not be possible anymore under incomplete information, at least when the principal wants both
types of agents to be active.

Letry = wy — g(em,0n) — v~ (u) and rp, = wr, — g(er,0r) — v~ () denote the respective information rent
(the utility in excess of the reservation utility) of each type.

& B A4 & B T agent #4 t principal £ %t 1z & T 3k 4 B9 G4 Uk #5 . Principal B 7] B & 26 5 — 10 5 A 47
# 7 K, xFELEEE agent 1LIE —E B A, TR AR REA S AE,

The principal’s problem is to solve

maximize )\(77'(6}1) — wH) +(1-X) (W(@L) - wL)
(er,wr),(em,wy)

subject to Equations (ICz,)-(IRg).

We can rewrite as A(m (e ) — g(er, 0p) —v™ (@) + (1= X)(7(er) —g(er, 0p) —v= 1 (@) — [Arg + (1 = A)rp ]

expected information rent
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3.1 Solving the principal’s problem

24 Lemma: The constraint (IRzz) is always satisfied due to constraints (ICz) and (IRy).

Proof.
wy — g(en,0n) > wr, — gler,0u) > wy, — gler,0r) > v~ ().

25 Graphic illustration.
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(1) By constraint (IRy,), (er,, wy,) must lie in the shaded region.
(2) By constraint (ICg), (e, wyr) must lie on or above the 0 -indifference curve through (er, wy).

(3) This implies that 0r-agent’s utility is at least «.

26 Lemma: The constraint (IRz,) is binding at the optimal.

Proof. Suppose thatwy, — g(er,,01,) —v~1() = ¢ > 0. Then the principal can decease wy, by £ and consequently

also wyr by € and gain €.

Notice that the constraint (IRy,) is still satisfied. In addition, constraints (ICz) and (IC;,) are also satisfied. O

It implies that 7, = wy, — g(er,0) — v~ () = 0—no information rent for 7, -agents.

27 Lemma: The constraint (ICy) is binding at the optimal.

Proof. Suppose that [wy — g(em,0m)] — [wr — g(er,0m)] = € > 0. Then the principal can decrease wy by &
and gain Ae. O

It implies that ry = wy — g(ew,0n) — v (@) = (wr — g(er.0n)) — (wr — gler,0r)) = gler,0r) —
gler,0g) > 0.



28 Ignoring constraint (ICy, ), we obtain a reduced program

max A(7(ex) — g(en,0m) — v (@) +gler,0n) — gler,0r)) + (1 = N)(m(er) — gler,0r) — v_l(a)).

€L,€H

—rH

Compared with the full information setting, asymmetric information alters the principal’s optimization simply by
the subtraction of the expected rent that has to be given up to the efficient type (6). The inefficient type (61,) gets
no rent, but the efficient type 6 gets the information rent that he could obtain by mimicking the inefficient type

0r,. This rent depends only on the effort level requested from this inefficient type.

29 The first order condition on ey implies
7' (e3) = g (e, 0p), that is, €38 = e
Hence, there is no distortion away from the first-best output for the efficient type.

Notice that: 7/(0) > 0, 7" < 0, g¢(0,0x) = 0, and ge. > 0, such a €5F > 0 exists.

30 The first order condition on ey, implies

(1 - )‘) ’ (7T ( SB) ge(eL 79[/)) A (ge(esLBveL) - ge(eSLB>6H))'

This equation expresses the important trade-oft between efficiency and rent extraction which arises under asym-
metric information. The expected marginal efficiency gain (resp. cost) and the expected marginal cost (resp. gain)
of the rent brought about by an infinitesimal increase (resp. decrease) of 8, agent’s output are equated. Thus, the

principal is neither willing to increase nor to decrease 0, agent’s effort.

Notice: Such a eSLB > 0 exists: 7/(0) > 0, ge(0,01) = ge(0,05) = 0, 7" < 0,and ge. > 0.2

31 Since 7'(e}) = ge(e},0.) and 7/ (e3?) = ge(e$®,01) + 125 [9e(e38,01) — ge(eP, 0p7)], we have the following
inequality
esf?feH>6L>eL,
——
7'’ <0
and hence
w%B (eLveL) _wH +g(eH79L) g(etieH) _9(6%795’) _g(e%BaeL)_Fg(e%veL)

[9c(e,01) — ge(e,0p)] de > 0.

That is, the constraint (ICy) is strictly satisfied.

AW o BB Bt A4 (upward incentive compatibility, 0y #17 0y) FEIF M. H—F @, M
TR AE 2 %% (downward incentive compatibility, 0y 157 0;) F§ x4, FEEEMHE,

32 Proposition: Under asymmetric information, the optimal menu of contracts entails:

« No output distortion for the high- ablhty agent with respect to the first-best, e5¥ = e%;. A downward output

distortion for the low-ability agent, e5® < e with

A
SBy __ SB SB
m'(er) = ge(eLveL> 17A[ge(eL’9L)_ge(eLa9H)]'
2In several other setups, the equation for eSL does not have a nonpositive solution. In that case, 0, -agent will shut down in the optimal contract
for asymmetric environment. See Section 2.6.3 in Laffont and Martimont (2002).




« The second-best wages are respectively given by

wif = gl 0m) + v (@) + g(e,01) — g(e,0n) > glejy, Om) + v~ ' () = wi,
TH
wy = g(ep,0r) +v (@) < gleg,0r) + o~ (@) = wi.
Moreover, wit = g(e$2,05) + v~ (a) + g(e®,0r) —g(e$B, 0r) > wik.

B
wy,

o Only the high-ability agent gets a positive information rent given by

T?—? = g(e%Ba GL) - g(eiBaeH)'

33 “TIHAAS” § "B RFARERANAE
« T 0y, THREZHAFHEE (EFHAFERLELERRHNT AL, ERHEZ
pHEAE B4,
o T 0L, ATHANFHKPFRTZEEERAHNTHAF, EEAEEMLE,

34 Graphic illustration for eiB <ej.
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(1) Suppose that €SP > e} .

(2) Since 01,-IR binds, (52, w3P) lies on the indifference curve through v=! ().

(3) To make 01,-IC and 0 -1C hold, (e3%, w3?) lies in the shade region.

(4) Principal can raise her profit by moving (3%, w3?) to (e}, w}): 01,-IC and 0 -1C still hold.

(5) Thus, e3® > €} cannot be optimal.

35 Graphic illustration for 38 = e7;.

TE



v(w — gle, ()”)) = l‘(MA'L = ."(él.' ()H))

(1) Suppose that e3® < e}.
(2) To make 01,-IC and 0 -1C hold, (€32, w3?) lies in the shade region.
(3) Principal’s problem is to find the allocation of (5, w3F) that maximizes her profit.

(4) The optimal solution occurs at a point of tangency between the indifference curve of 6y agent through

(eS8, w3P) and an isoprofit curve for principal.

(5) All points of tangency between indifference curves of 8 -agent and isoprofit curves of principal occur at e7;.

36 Graphic illustration for the optimal contracts.
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(1) Suppose that principal starts with (e}, w} ) for 61, agents, which lies on the §;, indifference curve through
(0,v™*(a)).

(2) Since 0y-IC binds, principal could choose (e, Wy ) for O agents, which lies on @y indifference curve
through (e}, w} ).

(3) The menu {(e};, Wy), (e}, w})} is IC. However, principal can do better.



v(w—gle,0y)) =uy>u State 0

Isoprofit Indifference
Curves C
v(w—g(e,0,)) =i ) o(w—g(e,0,)) =1 :&S
w A \ } W‘

(wF, ef) Isoprofit

(wf, é Curves

Nl *
(Wy €) Wy, €)

(g, efy)

v (a)

Profit Loss _/ a4 ‘n = ¥
in State (),‘L
Profit i
Gain
in
(a) State 0 - (b)

(1) Principal firstly moves (e}, w} ) to (e5P, w$P), where e > e38. Note that both (e}, w} ) and (e3®, wi®) lie on

67, indifference curve through v~ ().
(2) This change lowers the profit that principal earns from 6, agents.
(3) On the other hand, it relaxes 6 -IC.
(4) Principal then moves (e}, W) to (e}, Wi ).
(5) This change increases the profit that principal earns from 6 agents.
(6) Comparison:

« The derivative of principal’s profit from 67, agent with respect to ey, at €] is zero:

d
dor =0.

—e*
eL_eL

[m(er) —gler,0p) —v™"(@)]

o The derivative of principal’s profit from 8 agent with respect to ey, at e} is strictly negative:

L (el — ales ) — v @) + gler, 6r) — 9(er.01)]

< 0.
deL

—e*
EL—EL

(7) How far should principal go in lowering e;, —When the marginal loss from 61, agent equals the marginal gain

from 0 agent, i.e.,
(=2 [7 () = ge(€r, 0)] = X+ [ge (e, 0r) = ge(e ).

37 MERE G S A 0 # 4

o« ATk HHENERITH TSI AT, FEAM— T FANEEME  ZERMALERT 0, W7o
KFE, AR Oy 2 0L,
o ZHTNBAR O T BT, RATRAEBL XLT4 0y Wiz EMAAE,

10



4 Homework

« Key: The optimal contracts in monopolistic screening.
mEREHRR AT RTHAFHEE, ZRAFTEULE - LEIMLSERARENNREA,
» Reading: 14.C in MWG, 2.1-2.9 in The Theory of Incentives

« Optional reading: 16.1-16.2 in & AMME 55 (H E &)
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