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ADVANCED Mi1CROECONOMICS III: LECTURE NOTES 2

Introduction

1 We look at problems of adverse selection (3 [4] 2 #) where one party to a transaction knows things pertaining to

the transaction that are relevant to but unknown by the second party.

Adverse selection models hidden characteristics/information, where asymmetric information exists before the par-
ties enter into a relationship. It refers to a market process in which undesired results occur when buyers and sellers
have asymmetric information (access to different information); the “bad” products or services are more likely to be

selected.
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2 One example is the market of used cars. In the market, buyers often do not observe the quality of the cars, which is

private information of the sellers.

Due to the common existence of low-quality used cars (the “lemons”— 3% # 4 & 8 % 7, X &), buyers will be
reluctant to pay high price for a high-quality car (the “peach”—([7] % ZF 4 H) ARAFH [R5 A B FE ), since
they cannot tell its quality.

As a consequence of low market prices, high-quality sellers are driven out of the market (they lose if they sell), and

whoever sells on the market is more likely to be selling a low-quality car—adverse selection arises.

As a result, buyer’s willingness to pay decreases further, and eventually, the market of high-quality cars disappears.

3 Simple example: There are two types of used cars: peaches and lemons. A peach, if it is known to be a peach, is

worth $3,000 to a buyer and $2,500 to a seller. A lemon, on the other hand, is worth $2,000 to a buyer and $1,000

to a seller. There are twice as many lemons as peaches.

o Case 1 (complete information): If buyers and sellers both had the ability to look at a car and see whether it

was a peach or a lemon, there would be no problem: Peaches would sell for $3,000 and lemons for $2,000.

o Case 2 (incomplete but symmetric information): If neither buyer nor seller knew whether a particular car
was a peach or a lemon, we would have no problem (at least, assuming risk neutrality, which we will to avoid
complications): A seller, thinking she has a peach with probability 3 and a lemon with probability 2, has a
car that (in expectation) is worth $1,500. A buyer, thinking that the car might be a peach with probability
and a lemon with %, thinks that the car is worth on average $2,333.33. Assuming an inelastic supply of cars

and perfectly elastic demand, the market clears at $2,333.33.



o Case 3 (asymmetric information): The seller, having lived with the car for quite a while, knows whether it is
a peach or a lemon. Buyers typically can not tell. If we make the extreme assumption that the buyers can not

tell at all, then the peach market breaks down.

Therefore, the expected value of the car to buyers is $2,333.33, and that would be the maximal amount she is
willing to pay for the car. Given this, only sellers of lemons sell, because a peach values $2,500 to sellers. So

the market attracts only sellers of lemons and the way it selects sellers is a version of adverse selection.

Moreover, if only lemons are put on the market, buyer’s beliefs update: they understand the logic behind
adverse selection (sellers of peaches are not willing to sell), the actually probability that they are facing a

peach is zero. As a result, we get as equilibrium: Only lemons are put on the market, at a price of $2,000.

This example says that owners of good cars will not place their cars on the used car market. This is sometimes

summarized as “the bad driving out the good” in the market.

4 Another example is in life/health insurance.

If premiums are set at actuarially fair rates for the population as a whole, insurance may be a bad deal for healthy

people, who then will refuse to buy. Only the sick and dying will sign up.

Premium rates then must be set to reflect this.

2 Labor market model

5 There are many identical potential firms that can hire workers. Each products the same output using an identical

constant returns to scale technology in which labor is the only input.
The firms are risk neutral, seek to maximize their expected profits, and act as price takers. For simplicity, we take
the price p of the firms’ output to equal 1.

6 Workers differ in the productivity, denoted by 6. Let [¢, §] C R denote the set of possible worker productivity levels,
where 0 < 0 < 0 < .
The proportion of workers with productivity of 6 or less is given by the distribution function F'(6).

We assume that F' is nondegenerate. The total measure/number of workers is N.

7 Workers seek to maximize the amount that they earn from their labor.

A worker can choose to work either at a firm or at home. We suppose that a worker of type 6 can earn () from

working at home.
Thus, () is the opportunity cost to a type-6 worker of accepting employment; she will accept employment at a
firm iff the wage is at least r(0) (For simplicity, we assume that she accepts if she is indifferent).

8 Complete information: workers’ productivity levels are publicly observable.

Because the labor of each different type of worker is a distinct good, there is a distinct equilibrium wage w*(6) for

each type 6.

Given competitive, constant returns natures of firms, in a competitive equilibrium we have w* () = 6 for all §, and

the set of workers accepting employment in a firm is {6 | r(6) < 6}.

It is Pareto optimal:



(1) Let I(0) be a binary variable that equals 1 if the type-6 worker works for a firm and 0 otherwise. The aggregate

surplus (the total revenue generated by the workers’ labor) is

4
N/ [1(6)0 + (1 — 1(6))r(6)] dF(6).
9

(2) The aggregate surplus is maximized by setting I(6) = 1 for those 6 with 7(#) < 6 and I(§) = 0 otherwise.
(3) For a type-0 worker, r(6) < 6 iff he produces at a firm is no less than at home. Thus, the set of employed
workers must be {0 | #(0) < 0}.
9 Asymmetric information: workers’ productivity levels are unobservable by the firms.

Definition: In the competitive labor market with unobservable worker productivity levels, a competitive equilibrium

is a wage w* and a set ©* of worker types who accept employment such that

0" ={0|r(0) <w*}andw" = E[f| 0 € ©"] .
~——

rational expectation

(1) Since workers’ types are unobservable, the wage must be independent of a worker’s type. So we have a single

wage w for all workers.

(2) Supply: A type-6 worker is willing to work for a firm iff »(6) < w. Hence, the supply of labor at wage w (the

set of worker types who are willing to accept employment at wage w) is
O(w) = {0 | 1(6) < w}.

(3) Demand: If a firm believes that the average productivity of workers who accept employment is y, then its

demand for labor is given by

0, if p < w,
z(w) = 11[0,00], ifp=w,
00, if p > w.

If worker types in ©* are accepting employment offers in a competitive equilibrium, and if firms’ beliefs about the
productivity of potential employees correctly reflect the actual average productivity of the workers hired, then we
must have

w=E[f]|0c O]

The demand can equal the supply in an equilibrium with a positive level of employment iff
w=pu=E[f| 0O

In an equilibrium, we have
w* =E[0 | r(0) < w*].
10 Pareto inefficiency: A competitive equilibrium may fail to be Pareto optimal.

Consider a simple case where (f) = r for all 6 and suppose that F'(r) € (0,1), so that there are some workers
with 6 > r and some with § < r.



(1) The set of workers who are willing to accept employment at wage w is

0,0], ifw>r,
O(w) =

0, ifw < r.
(2) E[¢ | 6 € O(w)] = E[)] for all w. Thus, the equilibrium wage w* = E[f].
(3) If w* = E[f] > r, then all workers accept employment at a firm; Otherwise, none do.

(4) In a Pareto optimal allocation, workers with § > r will accept employment at a firm and those with § < r

will not.

(5) If there is a high fraction of high-productivity workers, then w* = E[f] > r, and hence firms will be willing
to hire workers at a wage that they are willing to accept = Too many workers are employed—the worker ¢

with 7 > 0 should work at home in a Pareto improvement.

(6) If there is a few fraction of high-productivity workers, then w* = E[f] < r, and hence firms will be unwilling
to hire any workers at a wage that is sufficient to have workers accept employment (i.e., a wage of at least
r) = Too few workers are employed—the worker 6 with r < 6 should accept an employment in a Pareto

improvement.

Because firms are unable to distinguish among workers of differing conductivities, the market is unable to allocate

workers efficiently between firms and home production.

3 Adverse selection

11

12

13

14

Suppose that r(6) < 6 forall 6 € [0, 0] and r(-) is strictly increasing. Then we have

« Pareto optimal allocation makes every type worker employed by a firm.
o Workers who are more productive at a firm are also more productive at home.

Since the payoff of home production is greater for more capable workers, only less capable workers ({6 |

r(0) < w}) accept employment at any given wage w.

Given wage w, consider the expected productivity of workers accepting employment

E[f | r(0) < w].

As wage w increases, more productive workers become willing to accept employment at a firm, and the average

productivity of those workers accepting employment rises. That is, E[f | 7(f) < w] is increasing in w.

For simplicity, we assume that E[f | r(6) < w] is continuous in w € [r(8), co].

The equilibrium wage w* satisfies
w* =E[0 | r(0) < w*].
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o There is no employment when w < r(8). In this case, E[f | r(0) < w] = E[f] does not make any sense.

The graph of E[f | r(0) < w] is increasing on [r(), o).
o Minimum value: E[§ | 7(6) < r(0)] = E[6] = § atw = r(6).

+ Maximum value: E[0] for w > 7(0).

Be constant on [r(6), 00).

« w*: the intersection point between E[§ | 7(f) < w] and 45-degree line.

15 Numerical example 1: 7(6) = Z6. § is uniformly distributed on [0, 2.

(1) Largest possible wage: 7 (6
(

)=t
(2) Smallest possible wage: r(6) = 0.
(3) Ifw € [0, 3], then E[ | r(6) < w] =E[f | 20 < w] = 3w.
(4) Minimum value: § = 0 atr(g) = 0.

(5) Maximum value: E[f] = 1atr(f) = 3.

(6) Forallw > 0,E[f | r(f) < w] = 3w < w.

(7) A zero-measure set of workers are hired.
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16 Numerical example 2: () = 16. § is uniformly distributed on [0, 2].

(1) Largest possible wage: 7(f) = 2.
(2) Smallest possible wage: r(8) = 0.



(3) Ifw € [0, 2], E[0 | r(0) < w] =E[f | 30 < w] =

Nl

w.
(4) Minimum value: § = 0 atr(0) = 0.

(5) Maximum value: E[f] = 1atr(f) = 2.

(6) Forallw > 0,E[f | r(6) < w] = 3w > w.

(7) All workers are hired, and competitive equilibrium wage is E[f] = 1.

(8) There is the other competitive equilibrium wage 0. (why?)

30, ifo<g<1
17 Numerical example 3: 7(0) = . 8 is uniformly distributed on [0, 2].
30-1) 43, if1<<2
Elf | 30 < w] = 2w, ifo<w<1i
(1) E[f [ r(6) < w] = 3 1 12w+5 1 13
Ef|3(0—1)4 3 <w] =282 ifi <w< 3
(2) Minimum value: § = 0 atr(g) = 0.
(3) Maximum value: E[f] = 1 atr(f) = 13.
(4) Intersection point occurs at w* = %.
(5) Workers {6 | () < 2} = {6 |0 < 6 < 2} are employed.
(6) Although workers in [0, %} accept the employment, workers in [0, %] earn more than the output they produce
and workers in [3, 3] produce more than they earn.
(7) There is the other competitive equilibrium wage 0.
0 0
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18 Numerical example 4: 7(0) = . 8 is uniformly distributed on [0, 2].
$0-1) 43, if1<<2
1 _3 1
E[f | 30 < w] = 5w, if0<w< 3
(1) E[0|r(0) <w]= | ! L .
Ef[3(0-1)+3<w=w+g, ifg<sw<g

(2) Minimum value: § = 0 atr(g) = 0.

(3) Maximum value: E[¢] = 1 at r(§) = 2.

(4) Intersection point occurs at w* = 1. (how about r(#) = g?)
(5) Workers {0 | r(0) <1} = {0 |0 < § < 2} are employed.

(6) Although workers in [0, 2] accept the employment, workers in [0, 1] earns more than the output they produce

and workers in [1, 2] produce more than they earn.



(7) There is the other competitive equilibrium wage 0.

19 Adverse selection:

(1) To get the best workers to accept employment at a firm, the wage needs to be at least (9).

(2) Firm cannot do that, because their inability to distinguish among different types of workers leaves them re-

ceiving only an expected output of E[f] < r(6).
The presence of enough low-productivity workers forces the wage down below ().
(3) This drives the best workers out of the market.

(4) Once the best workers are driven out of the market, the average productivity falls, thereby further lowering

the wage that firms are willing to pay.
(5) Then the next-best workers may be driven out of the market.
(6) And so on.

(7) Termination: at some competitive equilibrium wage.

20 Recall numerical example 1: 7(6) = 26. 6 is uniformly distributed on [0, 2].

(1) E[f | r(0) <w] =E[f | 20 < w] = 3w.

(2) Forallw > 0,E[f | r(0) < w] = 3w < w.

(3) A zero-measure set of workers are hired.

(4) On the other hand, (#) = 26 < 0 forall § > 0.

(5) The Pareto optimal allocation calls for all workers to be hired.

10, ifo<g<1
21 Recall numerical example 3: r(6) = . 8 is uniformly distributed on [0, 2].
30-1) 43, if1<0<2
E[0| 10 <w] = 3w, if0<w<1i
(1) E[f [ r(6) < w] = 2 i 12045 i1 313'

(2) Intersection point occurs at w* = %.

(3) To get the best workers to accept employment at a firm, the wage needs to be at least wy = r(6) = 13.

(4) Firm cannot do that, because their inability to distinguish among different types of workers leaves them re-

ceiving only an expected output of E[f] = 1 < 13 = r(9).
(5) The presence of enough low-productivity workers forces the wage down to we = 1.

(6) This drives the best workers ((19—7, 2]) out of the market.
(7) Once the best workers are driven out of the market, the average productivity falls E[0 | 7(f) < wo] = 1L,

thereby further lowering the wage to w3 = %.

(8) Then the next-best workers ((%, 1?7]) may be driven out of the market.

(9) And so on.

(10) Termination: at some competitive equilibrium wage w* = %.

22 Example (multiple competitive equilibrium)
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The low-wage (w]) competitive equilibria arise because of a coordination problem:

« the wage wj is too low because firms expect that the productivity of workers employment is poor,

« only bad workers accept employment because the wage wj is low.

4 Competitive equilibria vs. subgame Nash equilibrium

23 In the competitive equilibria, firms know only the average productivity of the workers who accept employment at

the equilibrium wage; they need not have any idea of the market mechanism.

How about the equilibrium when firms understand the structure of the market, including the relationship between
the wage and the quality of employed workers? In other words, can the competitive equilibria be viewed as the
outcome of a richer model where firms could change their offered wages but choose not to in some version of

equilibrium (subgame perfect equilibrium)?

24 Example:
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« Consider the competitive equilibrium with wage w;.

« Firm can profitably deviate by setting wage w’ > w3: it would attract workers with an average productivity
E[0|7(0) <w']>w'.

= When firms could choose wages, then this competitive equilibrium is unlikely to be a (subgame perfect) equi-
librium.

Similarly for the competitive equilibrium with wage wj.



25 Game-theoretical model:

o Two firms.
o 7(+) is strictly increasing with 7(6) < 6 for all € [0, 0].
+ F(-) has a density function f(-) with f(6) > 0forall @ € [0, ).

o Instage 1: two firms simultaneously announce their wages.

« In stage 2: workers decide whether to work for a firm and, if so, which one.

26 Proposition: Let W* denote the set of competitive equilibrium wages, and let w* = max w.
weW=

(1) Ifw* > 7(0) and there is an € > 0 such that E[f | 7(0) < w'] > ' forall w’ € (w* — e, w*) (A LF F
#& 45 /£ %), then there is a unique pure-strategy SPE. In this SPE, employed workers receive wage w*, and
workers with type in the set ©(w*) = {6 | r(0) < w*} accept employment in firms.

(2) If w* = r(6), then there are multiple pure-strategy SPE each agent’s payoff exactly equals her payoft in the
highest-wage competitive equilibrium.
27 Proof of (1). Assume w* > r(6).
Claim 1: In any SPE, both firms earn zero.

(1) Suppose that there is an SPE where M workers are hired at wage w (the highest wage offered by either of two
firms) and then aggregate profit is

m=M-(E§|r(0) <@ — @) > 0.

(2) Then M > 0, and hence w > r(8) (otherwise no workers accept w).
(3) Consider the (weakly) less-profitable firm, say firm j. Firm j earns no more than 7.

(4) However, firm j would be better off via setting wage w + « for sufficiently small & > 0: the profit is at least
M-(Ef|r(d) <w+a]l—w—a)~m.

Contradiction.

5) r<0=m=0.
Claim 2: The highest wage offered by either of two firms equals w* in any SPE.

(1) Let w be the highest wage offered by either of two firms in an SPE, then
o eitherE[¢ | r(f) <@w]—@ =0
= w € W* (it must be a competitive equilibrium wage),
eorM=0
= w < r(f) < w* (it must be low that no workers accept employment).
2) fw < w* = Jmax w, then either firm can earn a strictly positive expected profit by deviating and offering
any wage w’ € (w* — ¢, w*).
(3) Thus, w = w*.
(4) Actually, both firms choose wage w*: otherwise, the high-wage firm may choose w’ € (w* — &, w*) to geta

strictly positive expected profit.



Claim 3: SPE: both firms choose wage w*, and type-6 worker accepts employment iff the wage is at least r(6).

(1) Neither firm can earn a positive profit by lowering its wage: it gets no workers if it does so.
(2) Neither firm can earn a positive profit by increasing its wage:

i. w* is the highest competitive equilibrium wage, that is, there is no w > w* such that E[f | 7(0) < w] =

w.

ii. Since E[f | r(#) < w] — w is continuous in w, E[f | r(§) < w] — w should have the same sign for all
w € (w*, 00).

iii. Since lgn E[0 | 7(0) < w] = E[A] is finite, E[f | r(0) < w] —w < Oforallw € (w*, c0).

28 Proof of (2). Assume w* = r(0).

(1) By the Claim 3 above, E[f | 7(0) < w] —w < Oforallw € (w*, c0).

(2) Then any firm setting wage in excess of w* incurs losses.

(3) A firm earn zero by setting wage w < w*.

(4) Hence, the set of wages (w1, wo) that can arise in an SPE is {(w1, ws) | w1, we < w*}.

(5) In every SPE, all agents earn exactly what they earn at the competitive equilibrium with w*.
O

29 The coordination problem disappears: If the wage is too low, some firm will find it profitable to offer a higher wage.

Then the highest-wage competitive outcome must then arise.

30 There are several other cases where we cannot use SPE to remove bad CE. For example,
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5 Constrained Pareto optima

31 The presence of asymmetric information results in competitive equilibria that fail to be Pareto optimal.

If there is a central planner who knows all agents’ private information and can engage in lump-sum transfers (— X

M % %% #) among agents in the economy, then a Pareto improvement can be achieved.

In practice, however, a central planner may be no more able to observe agents’ private information than are market
participants. Without this information, the central planner will face additional constraints in trying to achieve a

Pareto improvement.

10



32 An allocation that cannot be Pareto improved by an central planner who is unable to observe agents’ private infor-

mation is known as a constrained (or second-best) Pareto optimum.

A constrained Pareto optimal allocation need not be fully Pareto optimal.

33 We shall study whether Pareto-improving intervention is possible, or whether the competitive equilibria are con-

strained Pareto optima.

o 7(+) is strictly increasing with 7(¢) < 6 for all € [0, 6].

« F(-) has a density function f(-) with f(f) > 0 forall § € [0, §].

34 Observations:

o Simplification: The central planner runs the firm itself and tries to achieve a Pareto improvement for the

workers (the firms’ owners will earn zero profits in competitive equilibria).

o The central planner cannot tell the types’ of workers. Thus, the intervention schemes can depend only on

whether the worker is employed.

The intervention scheme should be: offer wage w, to the employed workers and w,, to the unemployed work-

ers.
35 Consider the Pareto dominated competitive equilibrium.
(1) The central planner can always implement the best (highest-wage) competitive equilibrium outcome (or a
Pareto improvement) by setting w. = w* and w,, = 0.
(2) All workers in ©(w™*) accept employment and the firms balance the budget.

(3) The Pareto dominated competitive equilibrium outcome is not a constrained Pareto optimum.

The central planner is able to solve the coordination problem as well.

36 Consider the highest-wage competitive equilibrium.
Proposition: In the adverse selection labor market model, the highest-wage competitive equilibrium is a constrained
Pareto optimum.
37 Proof. If all workers are employed in the highest-wage competitive equilibrium, then the outcome is fully (and
hence constrained) Pareto optimal.
In the following, suppose some workers are not employed.
Step 1: Each intervention (w,, w,) can be characterized by a unique 0.
(1) For any wages (w,, w,), the set of worker types accepting employment has the form [0, §] for some 6 (or
{0 | wy, +7(0) < we}).

(2) For some 6, to implement the outcome where worker types 0 € [0, 0] accept, the central planner/firm should

choose (we(6), w,(0)) so that
wy(0) + r(0) = we(6).

(3) To balance the budget,

11



(4) Then

wA®:3£efwme—mmF@>=F@>@W|esm—r@0,

we(@) = [ 0f(0)do+r(0)(1— F(d) = F(6) (E[o |6 <] — r(é)) +7(6).
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Step 2: Aslong as the central planner/firm sets wage (w*, 0), the outcome with intervention will be the highest-wage

competitive equilibrium.

(1) Let 6* be the highest worker type who accepts employment in the highest-wage competitive equilibrium.
Then r(0*) = w* = E[f | r(0) < w*] =E[0 | r(0) < r(0*)] = E[0 | 0 < 67].

(2) Meanwhile,
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F(0°) (B[] 0 < 6] — r(6%)) = 0.
F(07) (B[00 < 0%] — r(67)) +r(67) = r(67).
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Step 3: No Pareto improvement can be achieved by setting  # 6*.

(1) First consider 6 < 6.

(2) Since r(0) < r(6%),

we(0) = [ 0£(0)d0+r(0)(1—F()) < /0 0f(0)d0 +r(6*)(1 — F(h)),

\CN
ESY

and hence

— F(d) (E[e\egé]—lz[ewge*]) <0.

(3) Thus, for workers with type in [6, 0], the intervention makes them worse off.
r(0*) = w*.

>
(5) We have the fact that E[f | 7(0) < w] < w forall w > w*.

(4) Next consider 6 > 6*, then r(f)

(6) Thus, E[0 | r(0) < r(A)] < r(f).
(7) ThenE[f | 6 < 0] — r(0) = E[0 | r(0) < r()] — r() < 0, and hence w,(f) < 0.

(8) Thus, for workers with type in [6, 8], the intervention makes them worse off.

we(6) () +wu(9) we(6) () +wa(6)

we (07)'= r(67) R6) r(8%) )

38 Summary:

12



o There is no Pareto improvement of intervention if the market has achieved the highest-wage (w*) competitive

equilibrium.

« The highest-wage (w*) competitive equilibrium is constrained Pareto optimal.
39 To resolve the adverse selection:

« Signaling (informed agents send information to uninformed agents).

+ Screening (uninformed agents screen information from informed agents).

6 Homework

» Key:

What is the adverse selection? How does it occur? What's problem of it?

What is the competitive equilibrium of the labor market?

What is the SPE of the labor market? What is the advantage of SPE in comparison with CE?

— Which outcome is constrained Pareto efficient?

» Reading: 13.B
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