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1 Introduction of adverse selection

1 There are many choice situations where a principal delegates the completion of a task to an agent:

o A stockholder delegates the firm’s day-to-day decisions to a manager,
« A client delegates his defense to an attorney,

o The landlord delegates the cultivation of his land to a tenant,

o An investor delegates the management of his portfolio to a broker,

« A government procures vaccines from private companies.
2 Delegation can be motivated:

« ecither by the possibility of benefitting from some increasing returns associated with the division of tasks,
- e.g., the manager will be the only one to know the business conditions.

« or by the principal’s lack of time or lack of any ability to perform the task himself,
- e.g., the attorney knows better than the client how difficult the case will be.

« or by any other form of the principal’s bounded rationality when facing complex problems.

- e.g., the tenant will be the only one to observe the exact local weather conditions.

3 By the mere fact of this delegation, the agent may get access to information that is not available to the principal.
In other words, the agent may have or gain private information, which is hidden to the principal.

Some examples of pieces of information that may become private knowledge of the agent can be:

o The exact opportunity cost of this task,

o the precise technology used, and how good the matching is between the agent’s intrinsic ability and this tech-

nology.
In such cases, we will say that there is adverse selection.

4 In order to carry out the delegation of these tasks, the principal and the agent would sign a (bilateral) contract,

where the outcomes are verifiable and the consequences are enforceable by a benevolent court of law.

o The key common aspect of all those contracting settings is that the information gap between the principal and

the agent has some fundamental implications for the design of the bilateral contract they sign.



o In order to reach an efficient use of economic resources, this contract must elicit the agent’s private informa-

tion.

« This can only be done by giving up some information rent to the privately informed agent, which is costly to

the principal.

- This information cost just adds up to the standard technological cost of performing the task and justifies

distortions in the volume of trade achieved under asymmetric information.

« The main objective is to characterize the optimal rent extraction-efficiency trade-off faced by the principal

when designing his contractual offer to the agent.

- The allocative and the informational roles of the contract generally interfere. At the optimal second-best
contract, the principal trades off his desire to reach allocative efficiency against the costly information

rent given up to the agent to induce information revelation.
5 We proceed in two steps:
« First, we describe the set of allocations (i.e., output to be produced and a distribution of the gains from trade)
that the principal can achieve (despite the information gap),

- incentive compatibility constraints (that are only due to asymmetric information),

- voluntary participation constraints that ensure that the agent wants to participate in the contract.
« Second, we proceed by optimizing the principal’s objective function within the set of incentive feasible allo-
cations.

6 Consequences of hidden information:

« In general, incentive constraints will be binding at the optimum,
- showing that adverse selection clearly affects the efficiency of trade.
o As such, the optimal second-best contract calls for

- adistortion in the volume of trade away from the first-best allocation,

- and for giving up some strictly positive information rents to the most efficient agents.
7 Implicit assumptions:
o We assume that the principal and the agent both adopt an optimizing behavior and maximize their individual
utility.
- In other words, they are both fully rational individualistic agents.
- Given the contract he receives from the principal, the agent maximizes his utility and chooses output
accordingly.
« The principal does not know the agent’s private information, but the probability distribution of this informa-

tion is common knowledge.

- There exists an objective distribution for the possible types of the agent that is known by both the agent
and the principal, and this fact itself is known by the two players.

o The principal is a Bayesian expected utility maximizer.

- In designing the agent’s payoff rule, the principal moves first as a Stackelberg leader under asymmetric
information anticipating the agents subsequent behavior and optimizing accordingly within the set of

available contracts.



2 Model

8 Consider a consumer (the principal) who wants to delegate to an agent the production of ¢ units of a good.

9 The value for the principal of these ¢ units is S(g) where S’ > 0, S” < 0and S(0) = 0.

The marginal value of the good is thus positive and strictly decreasing with the number of units bought by the

principal.

10 The production cost of the agent is unobservable to the principal, but it is common knowledge that the marginal
cost 0 belongs to the set © = {01,005 }.

The agent can be either efficient (1,) or inefficient (§) with respective probabilities A and 1 — A. In other words,
he has the cost function

¢(q,01) = 01,q with probability A

or

¢(q, 05) = O q with probability 1 — A.
We denote by Af = 0 — 81, > 0 the spread of uncertainty on the agent’s marginal cost.

11 The principal’s utility, if she purchases g units of the good and pays a monetary transfer ¢ to the agent, is

S(q) —t,

and at this case the agent’s utility is
t— C(Qv 9)

12 The economic variables are quantity produced ¢ and the transfer ¢ received by the agent.

These variables are both observable and verifiable by a third party such as a benevolent court of law. They can be
included in a contract which can be enforced with appropriate penalties if either the principal or the agent deviates

from the requested output and transfer.

Let A be the set of all feasible contract, that is,

A={(¢g;t) [ g e Ry, t € R}

3 Complete information—the first-best outcome

13 First suppose that there is no asymmetry of information between the principal and the agent.

14 The eficient production levels are obtained by maximizing the social value:

max S(q;) — c(gi, 0s) = max S(g;) — 0igi-

Since S” < 0, the objective function is concave. Then the solution ¢ must satisfy the first order condition:

1 % S 9i7
S'(q;)
=0;, ifqg > 0.



15 The above equation may not have an interior solution.

« Suppose S’(g;) > 6, for any g; > 0. Then there is no solution for the maximization problem.

o Suppose S’(q;) < 0; for any ¢; > 0. Then the only solution is the boundary solution: ¢ = 0.

Hereafter, we assume that an interior solution ¢ exists (and hence it is unique) for both types.

Interpretation: The efficient production levels g are obtained by equating the principal’s marginal value and the
agent’s marginal cost:

S'(a) = 0;.

16 The complete information efficient production levels g7 and ¢7; should be both carried out if their social values are
non-negative,
Wi = S(q}) — 6rqi > 0and Wi, = S(qiy) — By > 0.

Note that the social value W is always greater than Wj;:

g7, maximizes S(qr,) — 0rqrL
Wi =5(q) —0rar > S(ay) —Oray = S(ay) — Ougy = Wi

0L <0m

For trade to be always carried out, it is thus enough that production be socially valuable for the least efficient type,

i.e., the following condition must be satisfied
Wi = S(q) = Ongy 2 0,

a hypothesis that we will maintain throughout this lecture.

3.1 Implementation—payment

17 We have determined the efficient production levels ¢;".

18 Since the principal cannot force the agent, he must convince the agent to accept the task.

For a successful delegation of the production, the principal must offer the agent a utility level that is at least as
high as the utility level that the agent obtains from outside opportunity. We refer to these constraints as the agent’s

individual rationality constraints or participation constraints.

Here we normalize to zero the agent’s outside opportunity utility level (i.e., his status quo utility level), these con-
ditions are written as

tr, —0rqr > 0andty — Ogqu > 0.

19 The sequence of play is as follows:

+ + + + + > time
Nature randomly  Principal and agent ~ Principal offers Agent accepts or The contract
determines agent’s type §  discover a contract rejects the contract is executed

Figure 1: Timing

20 Obviously, the first-best contract menu { (g}, t¥)};=u, 1. satisfies these conditions, if we let t} = 6,¢;".
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To implement the first-best production levels ¢, the principal can make the following take-it-or-leave-it offers to

the agent: If § = 6;, the principal offers the transfer ¢} for the production level ¢} with t] = 6;¢;.
Whatever his type, agent accepts the offer and makes zero utility. The complete information optimal contracts are

thus (¢} ,t7 ) if @ = 01, and (¢}, t5;) if @ = Og.

Under complete information, delegation is costless for the principal, who achieves the same utility level that he
could get if he was carrying out the task himself (with the same cost function as the agent).
Alternative approach:

The principal try to maximize her utility subject to inducing the agent to accept the proposed contract. Clearly, the

agent obtains 0 if he does not take the principal’s contract. So the principal will solve the following problem:

maximize S(q;) —t;
(qisti)€EA (Ch) !

subjectto  t; — ¢(q;,0;) > 0.

In any solution, the IR constraint must bind; otherwise, the principal could lower the wage offered and still have

the agent accept the contract. Thus, the maximization problem becomes:

glggS(qi) — 0,4,

Clearly, S” < 0, and hence the objective function is concave. Then the solution must satisfy the first-order condi-
tion:

1 % S 9i7
S'(q;)
=0, ifq;K > 0.

Assume there is an interior solution ¢}, i.e., S’(¢;) = 6;. Then the payment is due to the binding IR constraint:
t; = quf

The first-best contract

The complete information optimal contracts are thus (¢} ,¢5) if 0 = 01, and (¢};, t3;) if 0 = 0g.
Every agent (no matter 6, or ) obtains exactly O from principal, just balancing his reservation utility.

We denote by V; (resp. V) the principal’s level of utility when he faces the 8 -(resp. 01,-) type:
Vit =5(g7) = Oigi = W7

Interpretation: Because the principal has all the bargaining power (complete information) in designing the contract,

we have V;* = W/ under complete information.
Graphic illustration:

(a) Agent’s reservation utility is 0, which is equivalent to the contract O = (0, 0).

(b) Principal seeks to find the most profitable point on the isoutility curve with utility 0, i.e., through the point
0 = (0,0).
For the point, the strictly concave indifference curve of the principal is tangent to the zero rent isoutility curve

of the corresponding type.



(c) For a 6; agent, principal pays ¢ such that t7 — ¢(q},0;) = 0.
(d) For a 0; agent, principal’s profitis V,* = S(¢}) — ¢(q}, 0;).

This profit is exactly equal to the distance from the origin to the intersection point between the indifference
curve through (g}, ¢7) and the vertical axis:

i. Principals indifference curve is of the form S(¢;) — t = constant.

ii. The constant should be principal’s profit, which is V;*.

ili. Letting g; = 0 in the indifference curve S(¢;) — t; = V;*, we have —t; = V;*. It implies that V;* > 0.

The complete information optimal contract is finally represented in the following figure by the pair of points

(A*, B*).
t,
Ug=t—0uq=0
Principal’s indifference
curve: S(q) —t=Vg
///* Principal’s indifference
L */// ***** curve: S(q) —t=V¢
t*H - B *// :
= l l
_— T |
— |
O 0 ar g
_ *
H
-V

Figure 2: First-best contracts

Suppose instead the reservation utility is & > 0, which is large enough.

« Then the tangent point and indifference curve will shift up, and hence the profit V;* could be negative. In this
case, the principal will not provide such a contract—the shutdown occurs.

o Interpretation: If agent’s reservation utility is low, principal can attract him to accept some contract; otherwise,
agent will not accept any contract that is acceptable for principal.

28 We have S'(¢) = 0;. Since S” < 0 and 0y > 6, we have
a1 > qm>
i.e., the optimal production of an efficient agent is greater than that of an inefficient agent.

29 In the figure, the payment ¢}, is greater than t7;, but we note that ¢7 can be greater or smaller than ¢}; depending
on the curvature of the function S, as it can be easily seen graphically.

Example: S(q) = — 5 + 4,0 = 1,0 = 1. Then (7, t7) = (3, 3), (a5, ) = (1,1), Vi = 2L Vi = 1.



Ug=t—0uqg=0

ty
Principal’s indifference
curve: S(q) —t="Vg
e B Uf =t—60,g=0
H ‘ A*
T 2 Principal’s indifference

curve: S(q) —t=V,

Figure 3: t7; > ]

30 The principal’s utility:
Vi=Wi>Wg5 =V

From the figure, the indifference curves of the principal correspond to increasing levels of utility when one moves

in the southeast direction. Thus, the principal reaches a higher profit when dealing with the efficient type.

4 Incomplete information

31 Suppose that the marginal cost § is the agent’s private information.
32 The sequence of play is as follows:

> time

Nature randomly Agent Principal offers Agent accepts or The contract
determines agent’s type §  discovers ¢ a contract rejects the contract is executed

Figure 4: Timing

Note that contracts are offered at the interim stage; there is already asymmetric information between the contracting

parties when the principal makes his offer.
33 Inthe following figure, we draw the indifference curves of a 6, -agent (heavy curves) and of a 67 -agent (light curves)
in the (g, t) space.

The isoutility curves of both types correspond to increasing levels of utility when one moves in the northwest di-

rection. These indifference curves are straight lines with a slope 6 corresponding to the agent’s type.
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Figure 5: Single-crossing property

Since § > 61, the isoutility curves of the inefficient agent 6 ;7 have a greater slope than those of the efficient agent.
Thus, the isoutility curves for different types cross only once. This property is called the single-crossing property

or Spence-Mirrlees property.
Consider the case where the principal offers the menu of contracts {(q} ,t7 ), (¢}, t};)} hoping that an agent with
type 01, will select (g7 .t} ) and an agent with type 6z will select instead (g}, t};).
From Figure 2, we see that B* is preferred to A* by both types of agents:
o The 0 -agent’s isoutility curve that passes through B* corresponds to a positive utility level instead of a zero
utility level at A*.
o The ff-agent’s isoutility curve that passes through A* corresponds to a negative utility level, which is less

than the zero utility level this type gets by choosing B*.

Thus, offering the menu (A*, B*) fails to have the agents self-selecting properly within this menu. The efficient
type mimics the inefficient one and selects also contract B*. The complete information optimal contracts can no

longer be implemented under asymmetric information.

A menu of contracts {(qr,tr), (¢m, tzr)} is incentive compatible when (qr,, t1,) is weakly preferred to (g, tsr) by
the type-0r, agent and (g, tgr) is weakly preferred to (qr,, t1,) by the type-6 5 agent.

Mathematically,

tr —0rqr >ty — O0rqw, (IC)
tg —0uqu > tp — Onqr. (ICH)

36 A menu of contracts {(qr,tr), (qu, tm)} is individually rational if

tr, —0rqrL >0, (IRr)

tg —0uqy > 0. (IRg)



We do not require that (qr,, t1,) is acceptable for 07 agent and (¢, g7 ) is acceptable for 07, agent, once we assume
IC constraints.
37 Example: Pooling contract.

When the contracts targeted for each type coincide and both types of agent accept this contract, we have a pooling
contract.
gL =qn =q" andty =ty =1t".

o Incentive compatibility is trivially satisfied, but at the cost of an obvious loss of flexibility in allocations that
are no longer dependent on the state of nature.

« Only the participation constraints matter now; the hardest participation constraint to satisfy is that of the
inefficient agent. This is because Equation (IR ) directly implies Equation (IRy,) for a pooling contract, which
is efficient agent’s participation constraint.

38 Example: Shutdown contract.
When one of the contracts is the null contract (0,0) and the nonzero contract (t°, ¢°) is only accepted by the
efficient type.

o Then, Equation (IC7,) and Equation (IRz,) both reduce to t* — 6¢® > 0.

o The Equation (ICg) reduces to 0 > t° — 0 ¢°. If this inequality is strict, only the efficient type accepts the

contract.

» With such a contract, the principal gives up production if the agent is a 0 ;7 -type. We will say that it is a contract
with shutdown of the least efficient type.

{(g}.,%3),(0,0)} is a shutdown contract, where the contract (¢} , ¢} ) is only accepted by the efficient type.
39 If a menu of contracts {(qr.,tr), (¢u,tm)} is incentive compatible, then

By Equation (ICr)

Or(qa —qr) > tu —tr > O0ulqgu — qr),

By Equation (ICz)

and hence
qa —qr < 0. (M)
It is called the monotonicity constraint.
Incentive compatibility alone (regardless of the principal’s preferences) implies that the production level requested
from a 0r-agent cannot be higher than the one requested from a 1,-agent.
40 A pair of outputs (g1, grr) is said to be implementable if it can be reached by an incentive compatible contract.

Implementability is equivalent to monotonicity constraint. Suppose ¢i — ¢z, < 0. For IC constraints to satisfy, we
should have

tp —0pqr >ty —O0pqu andty — O0gqe >t — Ouqr.

Then we have

Orqa —qr) <tw —tr, <O0u(qy —qr)-

It is enough to take transfers (¢1,, ¢) such that the above equation holds.
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Principal’s problem

Recall that under complete information, the principal is able to maintain all types of agents at their zero status quo

utility level. Their respective utility levels U} and U}; at the first-best contracts satisfy
Ui =t7 —0rq; =0and Uf; =t — Opqy = 0.

Generally this will not be possible anymore under incomplete information, at least when the principal wants both

types of agents to be active.

Take any IC and IR menu of contracts {(qr,tr), (¢m, tr)}- Let
Up =ty —0pqr >0and Uy =ty — Opgqr >0
denote the respective information rent (the utility in excess of the reservation utility) of each type.

(a) Consider the utility level that a ,-agent would get by mimicking a §-agent. By doing so, he would get
thm —O0rqu =tn — Ouqu +0uqu — Oqu = Un + Abqp.

(b) As such, even if the 0z -agent utility level is reduced to its lowest utility level fixed at zero; that is, Uy =
t — Omgm = 0, the f1-agent benefits from an information rent (the utility in excess of the reservation

utility) Afqy coming from his ability to possibly mimic the less efficient type.

(c) So, as long as the principal insists on a positive output for the inefficient type, g > 0, the principal must
give up a positive rent to a f1,-agent. This information rent is generated by the informational advantage of the

agent over the principal.

(How about 0 -agent mimicking 01, -agent?)

The principal’s problem is to determine the smartest way to give up the rent provided by any given IC and IR menu
of contracts.

According to our timing of the contractual game, the principal must offer a menu of contracts before knowing
which type of agent he is facing.

Therefore, he will compute the benefit of any menu of contracts {(¢1.,qr.), (tg, qu)} in expected terms.

The principal’s problem is to solve

maximize  A(S(qz) —tr) + (1 = A)(S(qu) — tu)

(qrstr),(qm ta)

subject to Constraints (IC7,)-(IR ).

Since Uy, = t;, — 0rqr, and Uy = ty — O qu, we can replace transfers in the principal’s objective function as
functions of information rents and outputs so that the new optimization variables are now {(qz, UL), (¢xr, Un)}.

The focus on outputs allows us to analyze its impact on allocative efficiency and the overall gains from trade.

With this change of variables, the principal’s objective function can then be rewritten as

A(S(qr) —0rqr) + (1 = N (S(qu) — Ouqu) — (AUL + (1 — \)Ug) .

Expected social value/allocative efficiency Expected information rent

10
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This new expression clearly shows that the principal wishes to maximize the expected social value of trade minus

the expected rent of the agent.

There is a tradeoff between distortions away from efficiency in order to decrease the agent’s information rent.

The incentive constraints and individual rationality constraints are rewritten as
Ur > Un + Abqm, (ICL)
U > UL — Abqy, (IC%)
Ur =20, (IR})
Uy > 0. (IR%)

Solving the principal’s problem

The major technical difficulty of principal’s problem, and more generally of incentive theory, is to determine which
of the many constraints imposed by incentive compatibility and participation are the relevant ones, i.e., the binding

ones at the optimum of the principal’s problem.
Let us first consider contracts without shutdown, i.e., such that gy > 0. The condition will be determined later.

Step 1: The constraint (IR}, ) is always strictly satisfied due to constraints (IC/ ) and (IR;).

The ability of the 01, -agent to mimic the 6 -agent implies that the 61, -agent’s participation constraint is always

strictly satisfied.

If a menu of contracts enables an inefficient agent to reach his status quo utility level, it will also be the case for an

efficient agent who can produce at a lower cost.

t
t—0uqg=0
t—an:UL>0
t—0Lq=0
(qm,t
19) q

Figure 6: IR for 6,

Graphic illustration:

(a) By Equation (IR}), (g, ts) must lie in the shaded region.
(b) By Equation (IC}), (qr., ;) must lie on or above the 0 -indifference curve through (g, t ).

(c) This implies that §7,-agent’s utility is at least 0.

11
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Step 2: The constraint (IR/;) is binding at the optimum, i.e., Uy = 0.

Suppose that Uy = € > 0 at the optimum. Then the principal can decease Uy by € and consequently also Uy, by
¢ and gain €.

Step 3: The constraint (IC}) is binding at the optimum, i.e., U, = Afqy.

Suppose that U, — Afgp = ¢ > 0 at the optimum. Then the principal can decrease Uy, by ¢ and gain Ae.

IC for 0 -agent seems irrelevant because the difficulty comes from a 6, -agent willing to claim that he is inefficient
rather than the reverse.

We ignore this condition for now and then get a solution. We can verify whether the solution satisfies this condition.

Remark: When (IC)) is binding, (IC;) is equivalent to (M):

ty — Oudyr —t° + 0uqy® = AO()° — q¥f).
Step 4: By Steps 2 and 3, we obtain a reduced program

maximize A(S(qr) — 0rqr) + (1 — N)(S(qu) — Omqn) — AMAbqy.

qL,.9H

Compared with the full information setting, asymmetric information alters the principal’s optimization simply by

the subtraction of the expected rent that has to be given up to the efficient type.
The inefficient type gets no rent, but the efficient type 01, gets the information rent that he could obtain by mimicking

the inefficient type 6. This rent depends only on the level of production requested from this inefficient type.

Step 5: The first order condition on g7, implies
S’ (q3®) = 0, thatis, ¢ = ¢}.

Hence, there is no distortion away from the first-best for the efficient type’s output. Here, the superscript SB means

the second-best.

The first order condition on ¢y implies

< AAY,

(1=X)(S"(q%) — On)
= \AG, if B > 0.

We always assume the equation has a solution. We first assume there is an interior solution ¢5¢. This equation ex-
presses the important trade-off between efficiency and rent extraction which arises under asymmetric information.
The expected marginal efficiency gain (resp. cost) and the expected marginal cost (resp. gain) of the rent brought

about by an infinitesimal increase (resp. decrease) of the inefficient type’s output are equated.

At the second-best optimum, the principal is neither willing to increase nor to decrease the inefficient agent’s output.

Step 6: We have the following inequality
ar =d; > di > dis
—_———
87<0

and hence
UIS_}3 =0> Aﬁq%? - A@qu = UEB - AHq%B.

12



That is, the constraint (IC’;) is strictly satisfied.

ALY ¢ _E A A 4 (upward incentive compatibility, K VG &H ) FEF A, F—7F
W, 1 TH#E A% (downward incentive compatibility, & fE JHEGF K8 1) B oh k8, FEEEL
E.EC

56 We have assumed ¢35 > 0. That is, the equation (1 — X)(S’(qr) — 0u) = AA6 has to admit an interior solution

(which is unique).

57 Theorem (Optimal contract without shutdown): Under asymmetric information, the optimal menu of contracts

entails:

« No output distortion for the efficient type with respect to the first-best, ¢3® = ¢} .

« A downward output distortion for the inefficient type, 3> < ¢}; with

A
1( SBY _

Here we have assumed that the equation above has positive solution. Otherwise ¢3> should be set at zero, and

we are in the special case of a contract with shutdown.
Note that

S s
qr = a1 > qu > di-
« Only the efficient type gets a positive information rent given by

U2 = Afqg3P.

o The second-best transfers are respectively given by

58 = 0pq; + AOGE > 0r.q; =t; and 1P = 03 < Opqly = .

Note that
t9 = 0rq; + A0qy; = 0rq; + Omqy — Oray = 13 +0(qf, — a) > 3.
58 “TH LA™ 5 “SErmdh/m THo" ZHFREANAE,

 HTHEES, THEFUAFHEE (EFHAFE TefEERBHEFHAF—20, ERHNE
TEHEIME RAL,

o MTREE A, HAHHFHAFRT ZAE SRMEKFHAF, ERAEEHLE,

4.3 Graphic illustration
59 ¢ < ¢

(a) Suppose ¢3¢ > q};.

(b) Since 05 -IR binds, (¢5F, ¢52) lies on the indifference curve through (0, 0).

(c) To make 6-IC and 1,-IC hold, (¢5?, ¢3P) lies in the shaded region.

(d) Principal can raise her profit by moving (¢3¢, t32) to (¢}, t37): 0 -IC and 1,-IC still hold.

(e) Thus, ¢3¢ > ¢}, cannot be optimal.

13
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Ug=t—0gq=0

(3,13

(q37,t37)

01 -agents isoutility curve through (¢35, t37)

Figure 7: ¢3¢ < qj;

60 ¢38 = q;.
(a) Suppose that ¢3¢ < ¢};.
(b) To make 0 -IC and 6,,-IC hold, (¢52, t3P) lies in the shade region.
(c) Principal’s problem is to find the allocation of (¢}%, ¢38) that maximizes her profit.

(d) The optimal solution occurs at a point of tangency between the indifference curve of 0y -agent through

(¢58,¢5P) and an isoprofit curve for principal.

(e) All points of tangency between indifference curves of 8 -agent and isoprofit curves of principal occur at g7 .

Ujp=t—0gqg=20

Principals indifference curve

)

Figure 8: ¢3® = ¢}

61 Starting from the complete information optimal contract (A*, B*) that is not incentive compatible, we can con-
struct an incentive compatible contract (C, B*) with the same production levels by giving a higher transfer to the

agent producing ¢7, (Figure 9).

14
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Up=t—0rLqg= Abqy B
(v;, =t — ()H(] =0
Principal’s indifference
curve: S(q) —t= Vg
U =t—0rg=20

C Principal’s indifference
by - . A curve: S(q) —t=Vg
e B . : Principal’s indifference curve:

g ' S(q)—t =V = Vi — Abgy
| |
T |
| |
0 air q, 1
*
—VH
_VLC

Figure 9: Rent needed to implement the first-best outputs

(a) The contract C is on the f1,-agent’s indifference curve passing through B*.

(b) Hence, the 01, -agent is now indifferent between B* and C. (B*, (') becomes an incentive-compatible menu
of contracts.

(c) The rent that is given up to the 01, -agent is now Afgj;.

62 Rather than insisting on the first-best production level g}, for an inefficient type, the principal can slightly decrease
gr by a small amount.

t)
Up =t—0rqg = A0q}
. r i Ug=t—0uqg=20
Principal’s indifference Principal’s indifference
curve: S(q) —t =V curve: S(q) —t=Vg
U =t—0rLqg=20
7777777777777777777777777 = — : C
R = _ It
* l
t*H L B |
/! ! |
| |
| |
l l
@) ir ar 4
R v
H *
—VH

Figure 10: Profit loss in 0
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Figure 11: Profit gain in 6y,

(a) Principal firstly moves B* = (¢j;,t5;) downwards along 6z -agent’s indifference curve through (0, 0), for
example, to B’'.

(b) This change lowers the profit that principal earns from 6 agents: from V7 to V{;, < V};. (Figure 10)
(c) On the other hand, it relaxes 0,-agent’s IC constraint.
(d) Principal then moves C to A’.
(e) This change increases the profit that principal earns from ¢}, agents: from V< to V/ > V. (Figure 11)
(f) Comparison: By slightly decreasing ¢ by an amount dg:
« By doing so, expected efficiency is just diminished by a second-order term £|5” (¢};)|(dg)? since gj; is

the first-best output that maximizes efficiency when the agent is inefficient:

[S(ais —da) — 0 (ais — da)] ~ [S(ai) — Oma] = 59" (air) (da)” + o((da)").

« Instead, the information rent left to the efficient type diminishes to the first-order term A6 dg:
[Ab(qf; — dq)] — Abgy; = —Afdg.
(g) Of course, the principal stops reducing the inefficient type’s output when a further decrease would have a

greater efficiency cost than the gain in reducing the information rent it would bring about. The optimal trade-
off finally occurs at (A%®, BSB) as shown in Figure 12.
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Figure 12: Second-best contracts

63 MENFE 57 RALA&Z H WM
o Tk o HBENEBITHFHAT, FELMb— AN GE LML ZERHLBRT 0y -1
K, KO, F1 00

o ZHTUEAR O B0 Pm AT, RA T RTHBMD % 0 B B4,

« Principal # t B9 0 B9 7= KT, RBTH A agent Z B 19 £ 7,
- %0y -0, - 0H, 0, WEEMARTE, Wi oy 28 THBWSHAT ¢
- % 0y — 0 — oo B, 0p Bif5 BMA# T EH K, M principal 2 KB 0 15 THH TS

4, VBRI AHANELHL.

4.4 Optimal contract with shutdown

64 Consider the first order condition of 8 -agent:

< AAG,

(1= (5(q) — 0n)
= \AG, if¢B > 0.

We have assumed S'(g}F) = 0 + 125 A6 has a positive solution.
65 Theorem (Optimal contract with shutdown).

(a) Ifthe equation S’(¢3P) = 0y + 125 A6 has no positive solution, ¢3¢ should be set at zero.
(b) Then BB coincides with O and A8 with A* in Figure 12.

(c) No rentis given up to the 67,-agent by the unique non-null contract (¢}, ¢} ) offered and selected only by agent
0r.

(d) The shutdown of the agent occurs when 6 = 6;,.
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With such a contract, a significant inefficiency emerges because the inefficient type does not produce. The benefit

of such a contract is that no rent is given up to the efficient type.
66 I
« MR O WIARK WBAET D, RR-NEAFETESR B oy REFEFeH, RFRRER
O R ERE, WBAHFHFELME 0, 5 E LML, HT principal 7 X &,
« WMRFM agent WEFRBRA (O — 0, RK), FH-—MEAHFEAELM 2% 0y REFETE%, N
A P FEEXNS 0, T LW RAMA, principal W HELRS 0y REE A,

67 Numerical example: S(q) =log(q + 1), 0y = 3,0, = 5, A = S.

68 More generally, such a shutdown contract is optimal when
A(S(ar) —0rar) > A(S(q7") — Oray — Abgy) + (1= A)(S(a) — Omar)

or, noting that ¢} = ¢3®, when
AAOg > (1= A)(S(4ir) — Onair)-

o The left-hand side represents the expected cost of the efficient type’s rent due to the presence of the inefficient

one when the latter produces a positive amount g35.

« The right-hand side represents the expected benefit from transacting with the inefficient type at the second-
best level of output.

o Thus, shutdown for the inefficient type is optimal when this expected benefit is lower than the expected cost.
69 When Inada condition S’(0) = +o0 is satisfied and lim,_,o S’(¢)¢q = 0, the shutdown is never desirable.

(1) ¢3 defined by S'(¢3F) = Oy + 125 A is necessarily strictly positive since 5’(0) = +oc.
(2)

A
S(qit) = (On + 7= A0)ait = S(ai) — S' (a3 it

is strictly positive since S(q) — S’(q)q is strictly increasing with ¢ and is equal to zero for ¢ = 0. Hence,
Mgy < (1= ) (S(qw) — Orarr)

and the shutdown of the least efficient type does not occur.

5 General utility function for the agent
70 Consider a general cost function C'(g, 8) with the assumption
Cy>0,Cyp>0, Cyqg >0, Cygp > 0.
71 The generalization of the Spence-Mirrlees property used so far is now
Cqo > 0.

This condition still ensures that the different types of the agent have indifference curves which cross each other at

most once.
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(a) A typical indifference curve of §-agent is t — C'(¢q,0) = constant, i.e., ¢ = C(q,0) + constant. Then, at any

(g,t), the marginal rate of substitution between transfers and outputs is

dt

d7q = Cq(Qaa)a

which describes the slope of the indifference curve.

(b) The slope C,(q, 0) is increasing in 6 since Cy9(g,0) > 0. Thus, at a given point (4, t), for two indifference

curves passing it,

Slope of 61, -indifference curve = M‘ =0C,4(q,01)
dg  l@b
dt(q, 0
< Cy(q,0m) = (qd’qH) ) = Slope of 0 -indifference curve.

(c) The increasing rate of slope C4 (g, 6) is increasing in @ since Cyyqp > 0.

Ty

indifference curve of Oy
indifference curve of 07,

q
Figure 13: Spence-Mirrlees property

72 It is obviously satisfied in the linear case C(g, #) = 0q that was analyzed before.

Economically, this Spence-Mirrlees property is quite clear; it simply says that a more efficient type is also more

efficient at the margin.

73 Incentive compatibility constraints are

tr —C(qr,0r) > ta — Clqm,01),
tg —C(qu,0u) > tr, — Clqr,0m).

Individual rationality constraints are

tr, — C(qL,HL) >Q0andty — C(qH,GH) > 0.
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75

76

77

78

79

IC constraints imply monotonicity constraint:
BY 9H—IC
qaL qaL
/ Cy(q,0n)dq = C(qr,0m) — Clqu,0u) > tr —tu > Clqr,01) — C(qu,01) = / Cy(g,01) de,
9H 9H

By 6r-IC
and hence q;, > qg.

LetUp, =t —C(qr,0r)and Uy =ty —C(qu, 61 ) denote information rents. Then we can rewrite the constraints

as:

UL >Ug + ®(qr),
U > UL — ®(qr),
Uy >0,
U >0,

where ®(q) = C(q,0u) — C(q,01). Then ®'(q) = Cq(q,0m) — Cy(q,0r) > 0and ®"(q) = Cyqe(q,0m) —
qu(q,eL) > 0.

Following the same steps as before, the incentive constraint of an efficient type and the participation constraint for

the ineflicient type in are the two relevant constraints for optimization.

These constraints are both binding at the second-best optimum, and so we have
U, =Ug + ®(qy) and Uy = 0.
It leads to the following expression of the efficient type’s rent
Ur = ®(qm).
Since ®’ > 0, reducing the inefficient agent’s output also reduces, as before, the efficient agent’s information rent.
Also, using the information rents and binding constraints, we can transform the principal’s objective function from
A [S(qr) — Clar,0)] + (L = X) [S(qu) — Clqu,0u)] — [ANUL + (1 — AUk ]

to

A[S(an) = Clas,00)] + (1= V) |S(an) = Clan, 1) — 25 (am)]

With the assumptions made on C, one can also check that the principal’s objective function is strictly concave with

respect to outputs.

80 By ignoring 6 -IC and the first order approach, optimal contract entails:

« No output distortion with respect to the first-best outcome for the efficient type, ¢5° = ¢} with

S'(qz) = Cqlqr, b1)-
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« A downward output distortion for the inefficient type, ¢3¢ < ¢}; with
S'(air) = Coldir, On)

and \
S'(a37) = Cylas s 0m) + m@’(q%‘?).
« Only the efficient type gets a positive information rent given by U® = ®(¢52).

« The second-best transfers are respectively given by t8 = C(q},0.) + ®(¢5¢) and t3F = C(¢3F, 0).

81 The first order conditions characterize the optimal solution if the neglected 6 -IC is satisfied.

(a) For this to be true, we need to have
t5 — Clay, 0m) > 17 — Ca2’, 0u) = 13 — Cla3,01) + Claz’, 01) — Claz’, On),

which amounts to
0> @(qy) — (qz)-
(b) Since ' > 0, it is equivalent to g3 < ¢3°.
(c) We still have
97 = g7, > diy > dir-
o« S'(q3) = Cy(qt,0L) < Cylqr,0m) because Cyg > 0. Hence, using the fact that S(q) — C(q,0y) is

concave in ¢ and maximum for ¢}, we have ¢7 > ¢j;.
« & > 0 implies that S"(¢38) > Cy(¢38, 0 ). Thus, ¢3F < g}

(d) So the Spence-Mirrlees property guarantees that only the efficient type’s incentive constraint has to be taken

into account.

Task

» Reading: 2.1-2.6 and 2.10 in [LM] (required), 14.C in [MWG] (required), 2.2-2.3 in [S] (optimal).

 Understanding:

A HAEFER S, HTERASREAZBNGEZR, 7R EFEREREF LD,
2N, ZRAFTELITEY, FEREARLRBRIXE, g REFHNLZHH A,

WO REA XY, A RN, ATLELATLELRIRMELER, R/ ARBER,
Ay AR RAE TR AL A oy th AU D B 8 R 2 B B AT A A B
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